Spatial correlation and magnetic properties of two-electron systems / by Mires, Raymond William,
This dissertation has been 64—13,332 
m icrofilm ed exactly as received
MIRES, Raymond W illiam, 1933- 
SPATIAL CORRELATION AND MAGNETIC 
PROPERTIES OF TWO-ELECTRON SYSTEMS.
The University of Oklahoma, Ph.D., 1964 
P hysics, solid state
University Microfilms, Inc., Ann Arbor, Michigan
THE UNIVERSITY OF OKLAHOMA 
GRADUATE COLLEGE
SPATIAL CORRELATION AND MAGNETIC PROPERTIES 
OP TWO-ELECTRON SYSTEMS
A DISSERTATION 
SUBMITTED TO THE GRADUATE FACULTY 
I n  p a r t i a l  f u l f i l l m e n t  o f  t h e  r e q u i r e m e n t s  f o r  t h e
d e g re e  o f  
DOCTOR OP PHILOSOPHY
BY
RAYMOND WILLIAM MIRES 
Normanj Oklahoma 
1964




/ /  /
/  V c-. ^  ^  / '  ^
-v J a J U ^  y f.
DISSERTATION COMMITTEE
ACKNOWLEDGMENTS
The a u t h o r  w ish e s  t o  e x p r e s s  h i s  a p p r e c i a t i o n  to  
P r o f e s s o r  Chun C. L in  f o r  s u g g e s t i n g  t h e  r e s e a r c h  p rob lem s  
c o n s i d e r e d  i n  t h i s  work and f o r  d i r e c t i n g  th e  work f rom  i t s  
i n c e p t i o n .
I t  i s  a l s o  a p l e a s u r e  to  acknowledge Dr .  K. H i j i k a t a  
f o r  many e n l i g h t e n i n g  d i s c u s s i o n s  i n  t h e  e a r l y  s t a g e s  o f  t h e  
c o r r e l a t i o n  p ro b lem .
The a u t h o r  i s  a l s o  i n d e b t e d  t o  Texas I n s t r u m e n t s ,  
I n c .  f o r  s u p p o r t i n g  much o f  t h i s  work f i n a n c i a l l y ,  a n d ,  i n  
p a r t i c u l a r ,  to  Dr,  T u r n e r  Hasty  f o r  s e v e r a l  h e l p f u l  d i s c u s ­
s i o n s  and t o  Mr, Don Powell  who a s s i s t e d  i n  much o f  t h e  
com puter  work. Mr. Pow el l  a l s o  s u g g e s t e d  a v e ry  h e l p f u l  
a n a l y t i c a l  e x p r e s s i o n .
Overdue a p p r e c i a t i o n  i s  a l s o  e x te n d e d  t o  my w i f e ,  
B e v e r l y ,  and c h i l d r e n ,  S h a r i l y n ,  E v in ,  and L eigh  f o r  t h e i r  
c o n s t a n t  encouragem en t  and s a c r i f i c e  d u r i n g  t h e  c o u r s e  o f  




LIST OF TABLES FOR PART I  AND PART I I .................................. v l
LIST OF FIGURES FOR PART I I .......................   v
PART I .  SPATIAL CORRELATION OF OUTER ELECTRONS IN TWO- 
ELECTRON SYSTEMS
C h a p te r
I .  INTRODUCTION ..............................................................................  1
I I .  SPATIAL CORRELATION IN TWO-ELECTRON SYSTEMS . 5
I n c l u s i o n  o f  C o r r e l a t i o n  ................................................  5
E f f e c t i v e  H a m i l to n ia n  and th e  V a r i a t i o n  Method 10
I I I .  THE HYDROGENIC CORE M O D E L ...................................  l 4
F o r m u l a t i o n  f o r  ( n , n - l ) ^  C o n f i g u r a t i o n  . . . .  l 4
The (2p)^  C o n f i g u r a t i o n  ................................................  l 6
The (3d)2 C o n f i g u r a t i o n  ................................................  20
IV. THE HARTREE-FOCK A T O M .......................................  29
H a r t r e e - F o c k  Theory  o f  T w o -E le c t ro n  Sys tems . 29
E f f e c t  o f  C o r r e l a t i o n  ..................................................... 36
V. DISCUSSION OF RESULTS AND CONCLUDING REMARKS . ' 43
PART I I .  MAGNETIC PROPERTIES OF VgO^
V I . INTRODUCTION.............................................................................  52
V I I .  THE CRYSTAL F I E L D ......................................................  55
The Cubic  F i e l d ..........................................................  55
The T r i g o n a l  F i e l d .....................................................  62
iv
C h a p te r  Page
V I I I .  SPIN-ORBIT, EXCHANGE, AND MAGNETIC FIELD . . .  65
S p l n - O r b l t  I n t e r a c t i o n  ..................................................... 65
Exchange I n t e r a c t i o n  .......................................................... 66
M agne t ic  F i e l d  I n t e r a c t i o n  ......................................  . 69
The Energy  M a t r i x ..................................................... 69
IX. SELF-CONSISTENT DETERMINATION OF MOLECULAR
F I E L D .............................................................................  75
X. MAGNETIC S U S C E P T IB IL IT Y ............................. ' .  . . . 79
XI.  DISCUSSION AND ANALYSIS OF RESULTS............... 84
X I I .  THE COUPLED PAIR MODEL...........................................  88
The A n t l f e r r o m a g n e t l c - F e r r o m a g n e t i c  Model . . 88
The F e r r o m a g n e t l c - A n t l f e r r o m a g n e t l c  Model . . 95
The O r b i t a l  C o n t r i b u t i o n  ................................................  99
A p p l i c a t i o n  t o  T1_0_ .......................................................... 109
CONCLUSION.......................................................................................  I l l
APPENDICES FOR PART I
Appendix I :  M a t r ix  E lem ent  ......................................  I l 4
Appendix I I ;  ( 3 d ) - S c r e e n i n g  F u n c t i o n  . . . .  117
BIBLIOGRAPHY FOR PART I ..........................................................  I I 9
BIBLIOGRAPHY FOR PART I I ...................................................... 120
LIST OP TABLES PGR PART I
Tabl e  Page
I .  R e s u l t s  f o r  (2p)^  . . . . . . . .  ........................  19
I I .  M u l t i p l e t  S e p a r a t i o n s  f o r  (2p)^   19
I I I .  C a l c u l a t e d  and Observed M u l t i p l e t  S p a c ln g s
Using S l a t e r ' s  E f f e c t i v e  Charge ............................. 22
IV. E x p e r im e n ta l  P ^ ^ ^ (3 d ,3 d )  Data  I n  cm"^ and
E f f e c t i v e  Charge ..................................................................  25
V. E f f e c t  o f  C o r r e l a t i o n  Using Exp Z ' ......................... 26
V I .  E f f e c t  o f  C o r r e l a t i o n  Using HP Z ' ......................... 27
V I I .  (a)  R e s u l t s  f o r  T1 I I I  Using R e s t r i c t e d  HP
Theory  . . . . . .  ....................................................  4 l
V I I .  (b) R e s u l t s  f o r  Cr V Using R e s t r i c t e d  HP
Theory  .  .......................................................................  42
LIST OP TABLES POR PART I I
V I I I .  M a t r ix  E lem en ts  o f  V I n  P r e e - I o n  R e p r e s e n t a ­
t i o n  f o r  3 p ............................................................................  58
IX. Cubic  P ie  Id  Pune t  I o n s  f o r  ^P and ^ P .................... 60
X. M a t r ix  E lem e n ts  o f  H' = XL*S + S*h—* —* —♦
+ Pq (L + gg S ) • Ü I n  Mixed Cubic R e p r e s e n t a t i o n  71
XI. C leb sch -O o rd an  C om bina t ions  o f  T r i p l e t  S p in
P u n c t l o n s   ............................    92
v l
LIST OP FIGURES FOR PART II
Lgure Page
F ig u r e 1. +44*Energy  L e v e l s  o f  V i n  a  T r i g o n a l  
F i e l d s  . ............................. .... ...................................... 57
F ig u r e 2 . Powder S u s c e p t i b i l i t y  ( p e r  vanadium atom) 
v s .  T em p era tu re  ........................................... ....  . 83
F ig u r e 3.
34-
P a i r  S u s c e p t i b i l i t y  ( p e r  V i o n )  v s .  
T em p era tu re  f o r  t h e  AF-F Model . . . . . 94
F i g u r e 4 . P a i r  S u s c e p t i b i l i t y  ( p e r  i o n )  v s .  
T em p era tu re  f o r  t h e  F-AP Model ................... 97
F i g u r e 5. E n la rg em en t  o f  F ig u r e  4 ............................. .... 98
F ig u r e 6. O r b i t a l  C o n t r i b u t i o n  t o  P a i r  S u s c e p ­
t i b i l i t y  ( p e r  V3+ i o n )  f o r  = 1200 cm~^ 105
F ig u r e 7 . O r b i t a l  C o n t r i b u t i o n  t o  P a i r  S u s c e p ­
t i b i l i t y  ( p e r  V3'*' i o n )  f o r  » 2000 cm" 106
F i g u r e 8. S c h em a t ic  E nergy  L eve l  Diagram f o r  t h e  
P a i r  O r b i t a l  Ground S t a t e  and f o r  % = 108
v l l
PART I .  SPATIAL CORRELATION OP THE OUTER ELECTRONS 
IN TWO-ELECTRON SYSTEMS
CHAPTER I  
INTRODUCTION
S e v e r a l  a t t e m p t s  have b e en  made I n  r e c e n t  y e a r s  t o  
o b t a i n  a more a c c u r a t e  s o l u t i o n  o f  t h e  t w o - e l e c t r o n  S c h r o d l n g e r  
e q u a t i o n  by t h e  use  o f  c o r r e l a t e d  wave f u n c t i o n s .  The f i r s t  
such  a t t e m p t  was made by H y l l e r a a s  I n  h i s  a c c u r a t e  t r e a t m e n t  
o f  t h e  norm al  h e l i u m  a to m .^  I n  t h i s  c a se  t h e  r e l a t i v e  e l e c ­
t r o n i c  c o o r d i n a t e s  were I n t r o d u c e d  I n t o  t h e  wave f u n c t i o n  and 
t h e  v a r i a t i o n  p r i n c i p l e  was u se d  t o  d e te r m in e  some a d j u s t a b l e  
p a r a m e t e r s .  T h i s  method has  b e e n  v e r y  s u c c e s s f u l  and  I s  c o n ­
s i d e r a b l y  s i m p l e r  t h a n  c o n f i g u r a t i o n  I n t e r a c t i o n .  L e n n a rd -  
J o n e s  and Pople  (8) and  B r l c k s t o c k  and Pople  (2) have t r e a t e d  
e l e c t r o n  c o r r e l a t i o n  I n  t w o - e l e c t r o n  sy s te m s  I n  a more g e n e r a l  
way f o r  b o t h  t h e  g round  s t a t e s  and e x c i t e d  s t a t e s .  T h i s  I s  
p r e s e n t e d  I n  C h a p te r  I I  and I t  w i l l  be shown how t h e  H y l l e r a a s  
c o r r e l a t i o n  becomes a s p e c i a l  c a s e .  A g e n e r a l  t h e o r y  o f  
c o r r e l a t e d  wave f u n c t i o n s  has  a l s o  b e e n  p u b l i s h e d  more
^For  a b i b l i o g r a p h y  o f  s e v e r a l  o f  th e  e a r l y  p a p e r s  on 
e l e c t r o n  c o r r e l a t i o n  I n  t h e  h e l iu m  a tom see  R e f e r e n c e  (lO) I n  
B i b l i o g r a p h y .
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r e c e n t l y  by S zasz  ( l 4 ) ,  however i t s  c o m p l e x i t y  makes i t  im­
p r a c t i c a l  f o r  t h e  p r e s e n t  work. I n d e e d ,  th e  o b j e c t  o f  t h i s  
work i s  t o  d e v e lo p  a  s i m p l i f i e d  method o f  i n c l u d i n g  
c o r r e l a t i o n .
Most o f  t h e  p r e v i o u s  work has  d e a l t  w i t h  t h e  c o r r e l a ­
t i o n  b e tw ee n  two s - e l e c t r o n s  o r  be tw een  two e l e c t r o n s  which 
do n o t  have z e ro  a n g u l a r  momentum b u t  w hich  a r e  c o u p led  t o ­
g e t h e r  i n  t h e i r  l o w e s t  m u l t i p l e t  l e v e l .  The most r e c e n t  work 
i n  t h e  c a se  o f  t h e  l a t t e r  was by  B reene  ( l )  i n  w hich  th e  
l e v e l  o f  two and f o u r  p - e l e c t r o n s  was t r e a t e d  w i t h  c o n s i d e r ­
a b l e  improvement  i n  th e  e n e r g y  o f  t h a t  l e v e l .  The main f e a ­
t u r e  o f  t h i s  work i s  t o  u se  c o r r e l a t i o n  o f  th e  two o u t e r  
e l e c t r o n s  i n  a s i m p l i f i e d  manner f o r  o b t a i n i n g  more a c c u r a t e  
t h e o r e t i c a l  v a l u e s  f o r  th e  s p a c in g  b e tw ee n  th e  v a r i o u s  L- 
m u l t i p l e t s .  I n  C h a p te r  I I I  t h e  method w i l l  be a p p l i e d  to
c a r b o n - l i k e  a toms which  have t h e  g round  c o n f i g u r a t i o n  
2 2 2( i s )  (2 s )  (2p) and t o  a toms which  have t h e  g ro u nd  c o n f i g u r a ­
t i o n  ( l s ) ^ ( 2 s ) ^ ( 2 p ) ^ ( 3 s ) ^ ( 3 p ) ^ ( 3 d ) ^ .  Here i t  w i l l  be assumed 
t h a t  t h e  two o u t e r  e l e c t r o n s  move i n  t h e  s p h e r i c a l l y  sym m etr ic  
f i e l d  o f  t h e  n u c l e u s  and  t h o s e  e l e c t r o n s  i n  t h e  i n n e r  c l o s e d  
s h e l l s .  The f i r s t - o r d e r  wave f u n c t i o n  w i l l  be  t a k e n  a s  a
C leb sch -O o rd a n  c o m b in a t io n  o f  h y d r o g e n ic  o r b i t a l s  w i t h  an
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e f f e c t i v e  c h a rg e  d e t e r m i n e d  by  S l a t e r ’s r u l e s  f o r  (2p) and 
by s e v e r a l  o t h e r  methods f o r  t h e  (3d) c a s e .
I t  i s  q u i t e  w e l l  e s t a b l i s h e d  t h a t  t h e  s o l u t i o n s  o f  
t h e  H a r t r e e - F o c k  (HP) e q u a t i o n s  p r o v i d e ,  p e r h a p s ,  t h e  b e s t
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r a d i a l  f u n c t i o n s  y e t  o b t a i n a b l e  f o r  a m a n y - e l e c t r o n  a tom. I n  
t h e  a n a l y t i c  HP method one u s e s  some i n t u i t i o n  t o  d e c id e  on 
th e  most p r o b a b l e  f u n c t i o n a l  fo rm  o f  t h e  r a d i a l  f u n c t i o n s  and 
th e n  u s e s  t h e  v a r i a t i o n  method t o  f i x  t h e  a d j u s t a b l e  param­
e t e r s .  Such a p r o c e d u r e  has  b e e n  u se d  by R. E. Watson (15) 
to  o b t a i n  r a d i a l  f u n c t i o n s  f o r  many p o s s i b l e  c o n f i g u r a t i o n s  
i n  t h e  i r o n - s e r i e s  e l e m e n t s .  A l th o u g h  W a ts o n 's  i s  p r o b a b l y  
t h e  b e s t  c a l c u l a t i o n  y e t  made on t h e s e  e l e m e n t s ,  an  exam ina­
t i o n  o f  h i s  r e s u l t s  r e v e a l s  v a l u e s  o f  t h e  S la te r - C o n d o n  
(2 )p a r a m e t e r s  P which a r e  a b o u t  20^  l a r g e r  t h a n  th e
e x p e r i m e n t a l  v a l u e s .  S i n c e ,  a c c o r d i n g  t o  t h e  S l a te r - C o n d o n  
t h e o r y ,  t h e  m u l t i p l e t  s p a c i n g  depends  q u i t e  s t r o n g l y  on t h e s e  
p a r a m e t e r s  one m ight  e x p e c t  W a t s o n ' s  r e s u l t s  t o  g i v e  a p o o r  
f i t  o f  t h e  e x p e r i m e n t a l l y  d e te r m i n e d  m u l t i p l e t  s p a c i n g .  T h is  
i s  in d e e d  t h e  c a s e .
T here  a r e  s e v e r a l  ways t o  improve on W a ts o n 's  r e s u l t s .  
F i r s t ,  t h e  e f f e c t  o f  c o n f i g u r a t i o n  i n t e r a c t i o n  co u ld  be s u p e r ­
posed  on t h e  HP t h e o r y .  T h is  amounts  t o  u s i n g  a l i n e a r  com­
b i n a t i o n  o f  S l a t e r  d e t e r m i n a n t s  i n s t e a d  o f  a s i n g l e  one and 
sh o u ld  c e r t a i n l y  low er  t h e  e n e r g y ,  th e  h i g h e r  l e v e l s  b e in g  
lowered  more t h a n  th e  ones be low them. T h is  e f f e c t  i s  o b ­
v i o u s l y  i n  t h e  r i g h t  d i r e c t i o n  t o  p ro du ce  th e  n e c e s s a r y  c o r -  - 
r e c t i o n  t o  W a t s o n ' s  r e s u l t s .  Second,  one might  e x p e c t  t h a t  
a l t h o u g h  t h e  HP e q u a t i o n s  p r o v i d e  f o r  some c o r r e l a t i o n  be tw een  
e l e c t r o n s  o f  l i k e  s p i n ,  t h e y  may n o t  a d e q u a t e l y  i n c l u d e  any 
c o r r e l a t i o n  a r i s i n g  from o p p o s i t e  s p i n s  o r  from e l e c t r o s t a t i c
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r e p u l s i o n .  T h e r e f o r e ,  a  H y l l e r a a s - t y p e  o f  c o r r e l a t i o n  c o u ld  
be s u p e rp o se d  on t h e  HP e q u a t i o n s .  T h i s  i s  r o u g h l y  a n a lo g o u s  
t o  t a k i n g  i n t o  a c c o u n t  th e  e f f e c t  o f  one o r  two a d d i t i o n a l  
c o n f i g u r a t i o n s .  I t  i s  t h i s  l a t t e r  method which  i s  c o n s i d e r e d  
i n  C h a p te r  IV. A H y l l e r a a s  r ^ ^ - t y p e  o f  c o r r e l a t i o n  i s  a l s o  
u se d  i n  t h i s  c a se  and t h e  t h e o r y  i s  a p p l i e d  t o  t h e  ( 3 d ) ^ - t y p e  
o f  t r a n s i t i o n  m e ta l  i o n s  f o r  which  t h e  HP r a d i a l  f u n c t i o n s  
a r e  a v a i l a b l e .
A d i s c u s s i o n  o f  t h e  r e s u l t s  f o r  t h e  HP model i s  g i v e n  
i n  C h a p te r  V. Also p r e s e n t e d  h e r e  a r e  some g e n e r a l  rem arks  
a b o u t  t h e  t h e o r y  a s  w e l l  a s  some c o n c l u d i n g  s t a t e m e n t s .
CHAPTER I I
SPATIAL CORRELATION IN TWO-ELECTRON SYSTEMS
I n c l u s i o n  o f  C o r r e l a t i o n
S p a t i a l  c o r r e l a t i o n  o f  e l e c t r o n s  h as  b e e n  t r e a t e d  In  
a somewhat g e n e r a l  way I n  a s e r i e s  o f  p a p e r s  b y  Len n a r d - J o n e s ,  
B r l c k s t o c k ,  and Pople  ( 8 ) , ( 2 ) .  These  a u t h o r s  t r e a t e d  two- 
e l e c t r o n  a toms and were s u c c e s s f u l  I n  d e r i v i n g  a s e t  o f  cou­
p l e d  d i f f e r e n t i a l  e q u a t i o n s  f o r  t h e  r a d i a l  p a r t  o f  t h e  wave 
f u n c t i o n .  The t h e o r y  was a p p l i e d  t o  t h e  c a s e  o f  s e p a r a b l e  
r a d i a l  f u n c t i o n s  and t o  l i n e a r  c o m b i n a t i o n s  o f  su c h .  Some o f  
th e  g e n e r a l  f o r m u l a t i o n  o f  t h e s e  a u t h o r s  w i l l  be p r e s e n t e d  
h e r e  and  I t  w i l l  be shown t h a t  t h e  H y l l e r a a s  r ^ ^ - t y p e  o f  
f u n c t i o n ,  w hich  w i l l  be used  l a t e r ,  r e s u l t s  f rom a s p e c i a l  
c h o ic e  o f  n o n - s e p a r a b l e  r a d i a l  f u n c t i o n .
The H a m i l to n ia n  o f  a sy s te m  o f  two e l e c t r o n s  moving 
In  a s p h e r i c a l l y  symmetr ic  f i e l d  V ( r )  may c o n v e n i e n t l y  be 
w r i t t e n  a s^
»12 = Hi + «2 + H^or- O ' D
where^
^ S u b s c r i p t s  1 and 2 w i l l  a lw ay s  r e f e r  t o  t h e  o u t e r  
e l e c t r o n s .
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H a r t r e e  a to m ic  u n i t s  w i l l  be u s e d  t h r o u g h o u t  t h i s  
work u n l e s s  o t h e r w i s e  s t a t e d .
" l  = «2 -  - i ’ a + V ( r g ) ,  .  F g  '  Y f r i ' f g )
(2 .2 )
I n  ( 2 . 2 ) ,  i s  t h e  s c a l a r  d i s t a n c e  b e tw e e n  t h e  two e l e c t r o n s ,  
i s  t h e  u s u a l  L a p la c e  o p e r a t o r ,  and V ( r ^ , r ^ )  i s  a f u n c t i o n  
which  r e p r e s e n t s  t h e  amount by  which  one e l e c t r o n  s c r e e n s  t h e  
o t h e r  f rom t h e  c e n t r a l  f i e l d  o f  t h e  c o r e .  The f u n c t i o n a l  
form o f  V ( r ^ , r ^ )  i s  d i c t a t e d  by  t h e  c h o ic e  o f  t h e  c e n t r a l  
f i e l d  V ( r ) .  However, i n  most c a s e s  V ( r ^ , r 2 ) w i l l  be a n  a d d i ­
t i v e  f u n c t i o n  o f  t h e  form  f ^ ( r ^ )  + f g f r g )  and  f o r  e q u i v a l e n t  
e l e c t r o n s  f^  and f^  a r e  t h e  same f u n c t i o n .  F o r  th e  l a t t e r
c a s e .
V ( r ^ , r ^ )  = 2 Y ( r ^ ) .  ( 2 .3 )
The d ep endence  on th e  c h o ic e  o f  c e n t r a l  f i e l d  has  s t i l l  n o t  
been  removed b u t  m e re ly  s h i f t e d  t o  t h e  f u n c t i o n  Y ( r ^ ) .  I f  
V ( r^ )  i s  t a k e n  t o  be a c e n t r a l  f i e l d  which  d o e s  n o t  depend on 
t h e  wave f u n c t i o n s  o f  t h e  o t h e r  e l e c t r o n s  i n  t h e  atom t h e n  
t h e  c h o ic e  o f  t h e  f u n c t i o n a l  form o f  Y ( r^ )  i s  a lm o s t  a r b i t r a r y .  
T h is  w i l l  be c o n s i d e r e d  i n  t h e  n e x t  c h a p t e r .  F o r  t h i s  c a s e ,  
however ,  one must make t h e  a d d i t i o n a l  a s s u m p t io n s  t h a t  (2 .1 )  
and ( 2 . 2 )  a r e  v a l i d  o n l y  i f  t h e  Coulomb e n e r g y  be tw een  th e  
o u t e r  e l e c t r o n  and t h e  c o re  e l e c t r o n s  i s  i n c l u d e d  i n  V^r^) 
and i f  t h e  exchange  e n e r g y  be tw een  t h e  o u t e r  e l e c t r o n  and 
t h e  c o re  i s  n e g l e c t e d .  I f  t h e s e  a s s u m p t io n s  a r e  made i t  i s  
p o s s i b l e  t o  w r i t e  t h e  t o t a l  wave f u n c t i o n  a s  a p r o d u c t  o f  t h e  
form t ( c o r e ) ' * ( 1 , 2 ) .  T h is  would cau se  a n  i n c r e a s e  i n  th e
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t o t a l  e n e r g y  and one may e x p e c t ,  t h e n ,  t h a t  s p a t i a l  c o r r e l a ­
t i o n  co u ld  be u se d  t o  p u l l  t h e  e n e r g y  back  down t o  I t s  p r o p e r  
l e v e l .  When u s e d  I n  t h i s  way, t h e  s p a t i a l  c o r r e l a t i o n  sh o u ld  
be r e g a r d e d  m e re ly  a s  an  a r t i f i c e  f o r  c o r r e c t i n g  t h e  r e s u l t s  
o b t a i n e d  by u s i n g  a p o o r  a p p r o x i m a t i o n .  N e v e r t h e l e s s ,  t h i s  
h y p o t h e s i s  seems t o  be w o r th  p u r s u i n g  f u r t h e r  b e c a u se  o f  I t s  
s i m p l i c i t y .  A s l i g h t l y  more p h y s i c a l  a rgument  f o r  s p a t i a l  
c o r r e l a t i o n  I s  g i v e n  In  a l a t e r  c h a p t e r .
B e fo re  l e a v i n g  th e  d i s c u s s i o n  o f  t h e  c e n t r a l  f i e l d  
I t  sh o u ld  be p o i n t e d  o u t  t h a t  I f  V ( r^ )  I s  t h e  HP f i e l d  f o r  
e l e c t r o n  1 t h e n  Y ( r^ )  I s  a v e r y  c o m p l i c a te d  b u t  known f u n c ­
t i o n  d e p en d in g  on th e  o r b i t a l  a s s o c i a t e d  w i t h  e l e c t r o n  2. 
A lso ,  ( 2 .1 )  and ( 2 . 2 )  a r e  p e r f e c t l y  v a l i d  w i t h o u t  any  a d d i ­
t i o n a l  a s s u m p t io n s .
The c o r r e l a t e d  t w o - e l e c t r o n  wave f u n c t i o n  may be 
w r i t t e n  a s
= ♦ ° ( r ^ , r g )  + I  * % ( ? ! , ( 2 - 4 )  
k
where uu I s  t h e  a n g le  be tween  th e  two r a d i u s  v e c t o r s  and 
P^ (cos  uu) I s  t h e  o r d i n a r y  Legendre  p o ly n o m ia l .  By l e t t i n g  
and be f u n c t i o n s  o f  t h e  v e c t o r  d i s t a n c e s  I t  I s  p o s s i b l e
t o  I n c l u d e  s t a t e s  which  a r e  n o t  s p h e r i c a l l y  symmetr ic  a s  w e l l  
a s  t h o s e  which  a r e .  ^ ^ ( r ^ , ^ ^ )  w i l l  be c a l l e d  t h e  f i r s t - o r d e r  
wave f u n c t i o n  and w i l l  a lw ays  be chosen  a s  an e x a c t  e i g e n ­
f u n c t i o n  o f  + Hg. T h e . fo rm  o f  b o t h  and w i l l  be 
t a k e n  a s
8
♦ ( r ^ ^ r ^ )  = ( r ^ )  R^^ ( r^ )
(2 .5 )
where f  I s  t h e  a p p r o p r i a t e  C lebsch -O ordan  c o m b in a t io n  o f  
LM
th e  two a n g u l a r  momenta which s i m u l t a n e o u s l y  d l a g o n a l l z e s  th e
2
sq ua re  o f  t h e  t o t a l  a n g u l a r  momentum o p e r a t o r  L and th e  
o p e r a t o r  L ^. T h is  f u n c t i o n  g i v e s  t h e  p r o p e r  a n t i - s y m m e t r y  
p r o p e r t y  when m u l t i p l i e d  by th e  s p i n  f u n c t i o n s  f o r  t h e  two-  
e l e c t r o n  sy s te m  a s  demanded by th e  P a u l i  p r i n c i p l e .
A l though  I t  w i l l  n o t  be c o n s i d e r e d  h e r e .  I t  I s  I n t e r ­
e s t i n g  t o  n o t e  a t  t h i s  p o i n t  t h a t  a s e t  o f  c o u p le d  d i f f e r e n ­
t i a l  e q u a t i o n s  whose s o l u t i o n s  a r e  may be d e r i v e d .
The p r o c e d u r e  I s  t o  s u b s t i t u t e  ( 2 .5 )  I n t o  ( 2 .4 )  and  w r i t e  
down th e  t w o - e l e c t r o n  S c h r o d l n g e r  e q u a t i o n  u s i n g  th e  o p e r a t o r  
( 2 . 1 ) .  A f t e r  r e - c o u p l l n g  a l l  t h e  s p h e r i c a l  ha rm on ics  and 
I n t e g r a t i n g  o v e r  a l l  t h e  a n g l e s  t h e  r e s u l t  I s  t h e  d e s i r e d  s e t  
o f  r a d i a l  e q u a t i o n s .  Of c o u r s e ,  some form o f  Y ( r )  and R ° ^ ( r )  
must be assumed.  The d e t a i l s  o f  a s i m i l a r  p r o c e d u r e  a r e  p r e ­
s e n t e d  I n  R e f e r e n c e  ( 2 ) .
I n  t h i s  work, t h e  o n e - e l e c t r o n  r a d i a l  f u n c t i o n  R° ( r )
n t
w i l l  be t r e a t e d  a s  a known a n a l y t i c  form c o n t a i n i n g  p o s s i b l y
some a d j u s t a b l e  p a r a m e t e r s .  I t  I s  a l s o  c o n v e n i e n t  t o  assume
an a n a l y t i c  form f o r  ' To make a r e a s o n a b l e  c h o ic e
o f  such f u n c t i o n  I t  I s  o b se rv e d  t h a t  H I n  ( 2 .1 )  c o n t a i n sc o r





= E  O k ( r < ' r > )  " )  ( 2 . 6 )
D ^ ( r < , r > )  5 - g i j  ( 2 . 7 )
'■>
Here,  r ^  I s  t h e  l e s s e r  o f  r^  and r ^ ,  r ^  t h e  g r e a t e r  o f  r ^  and
r g . Now r^^  may a l s o  be expanded a s
where
^12 = I  V k ( r < , r > )  P%(oos uj) ( 2 .8 )
k
k+2 k
'  ( 2 k + 3 % r "  ( ^ k . l )  r ^ - l  ( ' - 9 )
O bv ious ly  t h e  a n g u l a r  dependence  i n  ( 2 .6 )  and ( 2 .8 )  i s  t h e
same and any m a t r i x  e le m e n t  o f  r^^  w i l l  have t h e  same a n g u l a r
c o e f f i c i e n t s  a s  t h o s e  o f  —̂  . S in c e  ( 2 .1 )  c o n t a i n s  ( 2 .6 )  i t
U 2
seems r e a s o n a b l e  t h a t  t h e  wave f u n c t i o n  Y ( 1 ,2 )  s h o u ld  a l s o
XjM
c o n t a i n  t h e  r e l a t i v e  e l e c t r o n  c o o r d i n a t e s  i n  some manner.  A 
somewhat h e u r i s t i c  c lu e  i s  g i v e n  by  ( 2 .8 )  and ,  i n d e e d ,  i t  
t u r n s  o u t  t o  be c o n v e n i e n t  i f  one c h o o ses  t o  have
th e  f o l l o w i n g  form
\ ^ ^ 1 " ^ 2 ^  = °k \ ^ ^ 1 ' ^ 2 ^  ( 2 .1 0 )
where c^ i s  a  c o e f f i c i e n t  t o  be  d e t e r m i n e d  by  th e  v a r i a t i o n  
method. W ith  t h i s  c h o ic e  f o r  t h e  r a d i a l  f u n c t i o n  and w i t h  
( 2 . 5 ) ,  T j j ^ ( l ,2 )  may be w r i t t e n  a s
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I t  I s  I n t e r e s t i n g  t o  n o t e  t h a t  I f  = 0 f o r  a l l  k ,  
Y j ^ ( l , 2 )  i s  a p p ro x im a te d  by  t h e  f i r s t - o r d e r  f u n c t i o n .  T h is  
would g i v e  t h e  f a m i l i a r  S l a t e r - C o n d o n  p a r a m e t e r s  f o r  e a c h  
m u l t i p l e t  l e v e l .  Also i f  c^ were t h e  same c o n s t a n t  f o r  a l l  
k ,  Yj^j^(l,2) would become t h e  c o n v e n t i o n a l  H y l l e r a a s  r ^ ^ - t y p e  
o f  f u n c t i o n  g i v e n  by
(1 + c r ^ g )  ( 2 .1 2 )
E i t h e r  o f  t h e s e  p o s s i b i l i t i e s  may be u se d  w i t h  an y  s u i t a b l e  
c h o ic e  f o r  t h e  c e n t r a l  f i e l d .  I t  i s  t h e  form ( 2 .1 2 )  which  
w i l l  be  i n v e s t i g a t e d  i n  t h i s  work. I t  sh o u ld  be p o i n t e d  o u t  
t h a t  t h e  c o r r e l a t i o n  f u n c t i o n  a s  w r i t t e n  i n  (2 .1 2 )  does  n o t  
l i f t  t h e  M -degeneracy  i n  Yj^j^(l,2) n o r  does  i t  d e s t r o y  t h e  
o r t h o g o n a l i t y  o f  Y ( 1 ,2 )  w i t h  r e s p e c t  t o  th e  v a r i o u s  L-LiM
m u l t i p l e t s .  I t  d o e s ,  however ,  d e s t r o y  t h e  n o r m a l i z a t i o n  and 
any c a l c u l a t i o n  u s i n g  Y ^  ( 1 , 2 )  must be r e - n o r m a l i z e d .
E f f e c t i v e  H a m i l to n ia n  and  th e  V a r i a t i o n  Method 
P h y s i c a l l y ,  t h e  c o r r e l a t i o n  sh o u ld  p r o p e r l y  be a s s o ­
c i a t e d  w i t h  t h e  wave f u n c t i o n  a s  i n  (2 .1 2 )  s i n c e  i t  i s
Y ( 1 , 2 )  w hich  i s  supposed  t o  r e p r e s e n t  t h e  m otion  o f  t h e  two LM
e l e c t r o n s  i n  t h e  c e n t r a l  f i e l d .  However, f o r  e n e r g y  c a l c u l a ­
t i o n s  i t  i s  more c o n v e n i e n t  t o  a s s o c i a t e  t h e  c o r r e l a t i o n  w i t h  
th e  H a m i l t o n ia n .  To do t h i s ,  r e c a l l  t h a t  t h e  e n e r g y  i s  g i v e n
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by
w hich  can be w r i t t e n  as
1(1 + c r ^ g )  H ^^ f l  + c r ^ g ) | *  )
A f t e r  ex p an d in g  t h e  o p e r a t o r  I n  t h e  l a s t  e x p r e s s i o n  an  e f f e c ­
t i v e  H a m i l to n ia n  may be d e f i n e d  a s
«12 '  «12 + =f^l2«12 ^ Hi2'-12) + '''l2«12-12
The e n e r g y  may now be e x p r e s s e d  a s  t h e  d i a g o n a l  e le m e n t  o f  
t h i s  e f f e c t i v e  H a m i l to n ia n  I n  t h e  o r i g i n a l  c ou p led  r e p r e s e n t a ­
t i o n .  F o r  e q u i v a l e n t  e l e c t r o n s ,  (2 .1 3 )  may be f u r t h e r  e x ­
panded u s i n g  ( 2 . 1 ) ,  ( 2 . 2 ) ,  ( 2 .3 )  and  n o t i n g  t h a t  r^^  commutes 
w i t h  t h o s e  o p e r a t o r s  which  a r e  m e re ly  s c a l a r  f u n c t i o n s  o f  th e  
r a d i a l  d i s t a n c e .  F u r th e r m o r e ,  I f  i|f° I s  chosen  t o  be an  e i g e n ­
f u n c t i o n  o f  Hĵ  + Hg th e n  t h e  m a t r ix  o f  t h i s  o p e r a t o r  I s  d i a g ­
o n a l  and r^g  commutes w i t h  I t  a l s o .  With t h e s e  o b s e r v a t i o n s  
(2 .1 3 )  becomes
Hi 2 '  + 2c + 1 - 2 r ^ g Y ( r ^ ) ]
+ c® [ z r  H r  + r  -  Zr^ Y ( r ,  )1 (2 .1 4 )
L 12 1 12 12 12 1 '  J
I n  ( 2 . l 4 ) ,  t h e  t e rm  q u a d r a t i c  I n  c may be s i m p l i f i e d  
by  u s i n g  a v e c t o r  I d e n t i t y  f o r  t h e  L a p l a c l a n  o p e r a t o r .  I t  I s  
e a s y  t o  d e r i v e  t h e  f o l l o w i n g  o p e r a t o r  I d e n t i t y
12
^12^1^12 * ^12^1 '  ^ " ^12^1^12*^1 (2 .1 5 )
The l a s t  o p e r a t o r  on th e  r i g h t  I n  (2 .1 5 )  a p p e a r s  v e ry  c o m p l i ­
c a t e d  b u t  i f  t h e  i n d i c a t e d  o p e r a t i o n s  a r e  c a r r i e d  o u t ,  t h e n  
i n  th e  d i a g o n a l  e l e m e n t ,  i n t e g r a t i o n  o v e r  t h e  a n g u l a r  c o ­
o r d i n a t e s  o f  e l e c t r o n  2 c a u s e s  a l l  t h e  te rm s  t o  v a n i s h  e x c e p t
th e  f i r s t  one ,  which i n  t h e  o p e r a t o r  i s  r . d  where d i s
^ ^1 ^1
th e  p a r t i a l  d e r i v a t i v e  o p e r a t o r  w i t h  r e s p e c t  t o  r ^ .  T h i s  i s  
t r u e  o n ly  f o r  e q u i v a l e n t  e l e c t r o n s  and i s  a r e s u l t  o f  t h e  
s e l e c t i o n  r u l e s  on th e  s p h e r i c a l  h a rm o n ic s .  Thus ,  i n  t h e  
d i a g o n a l  e l e m e n t ,  one must e v a l u a t e  a p u r e l y  r a d i a l  i n t e g r a l  
and i t  i s  e a s y  t o  show t h a t  f o r  any w e l l - b e h a v e d  r a d i a l  f u n c ­
t i o n  i t s  v a lu e  i s  a lw ays  - 3 / 2 .  T h is  i s  worked o u t  i n  Appendix
1 and w i l l  be used  a t  th e  o u t s e t  i n  ( 2 . 1 5 ) .  A lso  i f  one e x -
2
pands  r ^2 by t h e  law o f  c o s i n e s  th e  same s e l e c t i o n  r u l e s  cause
2 2
t h e  a n g u l a r  d e p en den t  te rm  to  v a n i s h  l e a v i n g  o n ly  ( r ^  + r ^ )  =
2 <r^) f o r  e q u i v a l e n t  e l e c t r o n s .  One i s  n o t  a l l o w e d  t o  make
2
t h i s  l a s t  r e p l a c e m e n t ,  however, i f  r^^  i s  m u l t i p l i e d  by  one
2o f  th e  s c a l a r  f u n c t i o n s  o f  r ^ ,  e . g . ,  r ^ ^  Y ( r ^ ) .  W ith  a l l  o f  
t h i s ,  (2 . 1 5 ) may be w r i t t e n ,  f o r  b o t h  e l e c t r o n s ,  a s
2
2^ 12^ 1^12 == 4r^H^ + 1 (2 . 16 )
Thus w i t h  t h e  use  o f  ( 2 . l 6 )  t h e  e f f e c t i v e  H a m i l to n ia n  now 
becomes
= 2H + ^  -  2Y(r^) + 2c [2r^2^^1 + 1 " 2 r i 2 ? ( r i ) ]
+ c  ̂ [4r^H^ + 1 + r^2 - 2r^Y(r^) -  2r2Y (ri)]
""12 . , 2
(2 . 1 7 )
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The e n e rg y  I s  now t h e  d i a g o n a l  e le m e n t  o f  (2 .1 7 )  
s u b j e c t  t o  th e  n o r m a l i z a t i o n  c o n d i t i o n
N = (Yl„ ( 1 , 2 ) 1 Y lm (1^2 ))  = 1 + 2 c ( r ^ g )  + 2c^ <r^> ( 2 . l 8 )
where t h e  b r a - k e t  n o t a t i o n  has  b een  u se d  t o  d e n o te  a  d i a g o n a l
e le m e n t  I n  t h e  ^2  r e p r e s e n t a t i o n .  The v a r i a t i o n a l  
e n e r g y  W I s  I d e n t i f i e d  a s
W = <H^g>/N (2 .1 9 )
The c o n d i t i o n  which d e t e r m i n e s  t h e  c o r r e l a t i o n  c o e f f i c i e n t  c 
I s  g i v e n  by  t h e  v a r i a t i o n a l  method a s
dgW = 0 (2 .2 0 )
where a g a i n  d^ I s  t h e  p a r t i a l  d e r i v a t i v e  o p e r a t o r  w i t h  
r e s p e c t  t o  c .  Thus,  I n  p r i n c i p l e ,  t h e  p ro b lem  o f  u s i n g  a 
c o r r e l a t e d  wave f u n c t i o n  I s  s o l v e d  and I t  r e m a in s  t o  see  how 
e f f e c t i v e  su c h  a p r o c e d u r e  w i l l  be I n  t h e o r e t i c a l l y  p r e d i c t ­
in g  t h e  m u l t i p l e t  s p a c i n g .  T h i s  I s  done I n  t h e  n e x t  two
2 ?c h a p t e r s  f o r  t h e  (2p) and (3d) c o n f i g u r a t i o n s .
CHAPTER I I I
THE HYDROGENIC CORE MODEL
2
F o r m u l a t i o n  f o r  (n ,  n - l )  C o n f i g u r a t i o n  
I n  t h i s  s e c t i o n ,  th e  t h e o r y  w i l l  be a p p l i e d  t o  two 
e q u i v a l e n t  (n ,  n - l ) - e l e c t r o n s  moving I n  a p u r e l y  h y d r o g e n ic  
ty p e  o f  c e n t r a l  f i e l d .  T h is  I m p l i e s  t h a t  t h e  o n e - e l e c t r o n  
r a d i a l  f u n c t i o n s  s h o u ld  be o f  h y d r o g e n ic  ty p e  and t h a t  th e  
s c r e e n i n g  f u n c t i o n  Y ( r )  s h o u ld  be o f  t h e  form
Y ( r ) = f  ( 3 .1 )
where s I s  a c o n s t a n t  s i n c e  o n ly  t h e n  w i l l  t h e  c e n t r a l  f i e l d  
be h y d r o g e n i c  I n  form .  Also  V ( r )  w i l l  be chosen  a s
V ( r )  = ^  ( 3 .2 )
where Z ' I s  I d e n t i f i e d  a s  t h e  e f f e c t i v e  ch a rg e  w h ich  makes 
t h e  o n e - e l e c t r o n  o r b i t a l  an  e i g e n f u n c t i o n  o f  t h e  o n e - e l e c t r o n  
H a m i l to n ia n  g i v e n  I n  ( 2 . 2 ) .  The c h o ic e  o f  Z ' w i l l  a l s o  d e t e r ­
mine s .  A l l  t h e  p r o p e r t i e s  o f  h y d r o g e n ic  f u n c t i o n s  w i l l  be 
u se d ,  e . g . ,
7 '2o n e - e l e c t r o n  e n e r g y  = -
2n^




With t h e s e  rem arks  t h e  d i a g o n a l  e le m e n t  o f  (2 ,1 7 )
becomes
<H,p> = -  ( Z ' ^ / n ^ )  + Z ' % a^^^ ( n t , n t )  - ( 2 Z ' s / n ^ )
k
-  2c [ ( Z ' / n ^ )  ^  a^^^ (n-t^nt)  -  1
k
+ 2s ^  a ( ^ )  ( n t , n t ) ]  -  <? [ ( s / Z ' )  (2n + l ) ^  
k
+ n (2 n  + 3) -  ( 1 / Z ' )  ^  a ( ^ )  M ^ ^ ^ ( n t , n t ) ]  . 3 )
I n  (3 . 3 ) t h e  r a d i a l  i n t e g r a l s  a r e  d e f i n e d  a s
p ( * ) ( n t , n t )  U ^ ( r < , r > )  lR °^ ( r^ )  1̂  r ^ r ^ d r ^ d r ^
M ^ ^ \ n t , n t )  = Vj^(r< ,r>)  lR °^ ( r^ )  '" l^2^ '^ l^ ’̂ 2
( 3 .4 )
( k ) ,  . . ,  C Ç 1 , , I o , . , 2 , 0
N ( n t , n t )  ^ \ ( r < , r > )  i R ^ ^ f r i )  I l « n t ( ^ 2 )  V 2 ^ ^ V 2
The Z ' - d e p e n d e n c e  has  a l r e a d y  been  e x t r a c t e d  from t h e  i n t e ­
g r a l s  i n  (3 . 4 ) ,  i . e . ,  t o  e v a l u a t e  them t h e  Z ' i n  t h e  r a d i a l  
f u n c t i o n s  s h o u ld  be s e t  t o  u n i t y .  The a^^^ c o e f f i c i e n t s  i n  
(3 . 3 ) a r e  t h e  a n g u l a r  c o e f f i c i e n t s  which  p re c e d e  e a c h  o f  t h e  
S l a t e r - C o n d o n  p a r a m e t e r s  f o r  a g i v e n  m u l t i p l e t  and a r e  g i v e n  
by  a ( k )  =
l6
L U
where C „  a r e  th e  wel l-known C lebsch -G ordan  c o e f f i c i e n t s  
f o r  two e q u i v a l e n t  e l e c t r o n s  and c ^ ( t m , t m )  a r e  t h e  r e s u l t  o f  
i n t e g r a t i n g  o v e r  th e  p r o d u c t s  o f  t h r e e  s p h e r i c a l  h a rm o n ic s .  
Both  o f  t h e s e  c o e f f i c i e n t s  a r e  t a b u l a t e d  i n  any s t a n d a r d  t e x t  
on quantum m echanics  (4) •
The n o r m a l i z a t i o n  c o n d i t i o n  (2 .1 8 )  becomes
N = 1 + ( 2 c / Z ' )  ^  a^^^ M :(^ ) (n t ,n t )  + c^ (2n + l )  (n + l )  .
k  Z
( 3 . 6 )
To f a c i l i t a t e  t h e  d i s c u s s i o n  o f  p a r t i c u l a r  c o n f i g u r a ­
t i o n s  i t  i s  c o n v e n ie n t  t o  d e f i n e  two o t h e r  q u a n t i t i e s .  Ob­
v i o u s l y ,  i f  t h e  c o r r e l a t i o n  c o e f f i c i e n t  c were s e t  t o  z e r o  
th e  e n e rg y  o f  th e  v a r i o u s  l e v e l s  would be t h a t  o b t a i n e d  from 
th e  u s u a l  S la te r - C o n d o n  t h e o r y  o f  m u l t i p l e t s .  T h is  e n e r g y  
w i l l  be d e n o te d  a s  E. The ene rg y  o b t a i n e d  by u s i n g  t h e  
c o r r e l a t e d  wave f u n c t i o n s  i s  g iv e n  by  (2 .1 9 )  and i d e n t i f i e d  
a s  W and sho u ld  be lo w er  t h a n  E. S in c e  t h e  p o s i t i v e  d i f f e r ­
ence  be tw een  t h e s e  two q u a n t i t i e s  i s  n o t  a t r u e  c o r r e l a t i o n  
e n e rg y  i t  w i l l  be r e f e r r e d  t o  s im p ly  a s  t h e  e n e rg y  c o r r e c t i o n  
and d e n o te d  by
Eg = E - W (3 .7 )
w hile ,  t h e  e x p e r i m e n t a l  v a lu e  f o r  t h e  m u l t i p l e t  e n e rg y  i s  Eg^p.
2
The (2p) C o n f i g u r a t i o n  
In  t h e  c a r b o n - l i k e  atoms i t  i s  assumed t h a t  t h e  two 
o u t e r  e l e c t r o n s  move i n  t h e  c e n t r a l  f i e l d  o f  t h e  n u c l e u s  and
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t h e  s p h e r i c a l l y  sym m etr ic  f i e l d  p ro d u ce d  by  t h e  c l o s e d  e l e c -
2 2t r o n i c  s h e l l s  ( i s )  (2s)  . However, due t o  t h e  s t a t i s t i c a l  
n a t u r e  o f  th e  quantum t h e o r y ,  one o f  t h e  o u t e r  e l e c t r o n s  i s  
supposed  t o  spend a f r a c t i o n  o f  i t s  t im e b e tw ee n  th e  o t h e r  
2 p - e l e c t r o n  and th e  c o r e ,  t h u s  p r o d u c i n g  some s c r e e n i n g  a l s o .  
A ccord ing  to  S l a t e r ' s  r u l e s  f o r  d e t e r m i n i n g  e f f e c t i v e  n u c l e a r  
ch a rg e  t h i s  f r a c t i o n  sh ou ld  be 0 .3 5  f o r  a n y t h i n g  b u t  I s -  
e l e c t r o n s  ( l l ) .  T hus ,  s i s  t a k e n  a s  t h i s  f r a c t i o n  and Z ' i s  
g i v e n  by  th e  same s e t  o f  r u l e s  a s
Z = Z — 8 = Z —2 . 4 — 8 
core
where  Z i s  t h e  t r u e  a tom ic  number.
A ccord ing  t o  th e  S l a t e r - C o n d o n  t h e o r y  t h e  e n e r g y  o f  
t h e  m u l t i p l e t s  a r i s i n g  f r o m . ( 2 p ) ^  is- g i v e n  by
E(^S) = + (1 0 /25 )
E(^D) = + (1 /2 5 )
E (3 p )  = -  (5 /2 5 )  P^^^
and
E(^S) - E ( l p )  ,  ^  5
E(^D) -  E(3p)
( 3 .8 )
This ratio is obviously independent of the radial function 
and thus independent of the choice of the central field. 
Furthermore, it should be the same for all carbon-like atoms 
This ratio has been measured experimentally for the three
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e le m e n t s  s t u d i e d  h e re  and found  t o  be somewhat l e s s  t h a n  
1 .5  ( 7 ) .  The e x p e r i m e n t a l  v a l u e s  a r e :
C I 1.13
N II I . l 4
, 0 III 1 .1 4
The r a t i o  ( 3 .8 )  may be a d o p te d  a s  a c r i t e r i o n  f o r  m easu r ing  
t h e  Improvement o b t a i n e d  by  u s i n g  th e  c o r r e l a t e d  wave 
f u n c t i o n .
I n  T ab le  I  a r e  p r e s e n t e d  some r e s u l t s  o f  u s i n g  th e  
p r e s e n t  method f o r  t h e  t h r e e  a toms l i s t e d  a b ov e .  The main 
f e a t u r e s  o f  t h e s e  r e s u l t s  a r e  t h e  f o l l o w i n g :  t h e  h i g h e r
e n e r g y  l e v e l s  a r e  s u p p r e s s e d  more a s  would be e x p e c te d  from 
c o n f i g u r a t i o n  I n t e r a c t i o n  and th e  r a t i o  ( 3 .8 )  I s  c o n s i d e r a b l y  
l e s s  t h a n  th e  e x p e r i m e n t a l  v a l u e s  b u t  Im proves  w i t h  I n c r e a s ­
in g  I o n i z a t i o n .  The l a t t e r  f e a t u r e  I s  a l s o  d i s p l a y e d  In  
T ab le  I I  where th e  I n d i v i d u a l  m u l t i p l e t  s e p a r a t i o n s  were
c a l c u l a t e d  and compared w i t h  t h e  o b se rv e d  v a l u e s .  Prom t h i s
1 -at a b l e  I t  I s  o b v io u s  t h a t  t h e  D -  s e p a r a t i o n  I s  I n  q u i t e
good a g re em e n t  w i t h  t h e  o b s e r v e d  v a lu e  and t h e  e r r o r  rem a in s
rather constant as the stage of Ionization Is Increased.
T h is  I s  p r o b a b l y  b e c a u s e  b o t h  o f  t h e s e  l e v e l s  l i e  low
enough so  t h a t  t h e  —̂  p e r t u r b a t i o n  a lw ay s  re m a in s  q u i t e
^12
s m a l l  compared t o  t h e  c e n t r a l  f i e l d  p o t e n t i a l  t h u s  making th e  
c o re  model a r e a s o n a b l y  good a p p r o x i m a t i o n .  I n  t h e  
s e p a r a t i o n  p r a c t i c a l l y  a l l  o f  t h e  e r r o r  must be a t t r i b u t e d
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TABLE I .  RESULTS FOR (2 p )^ .  ALL ENERGIES IN a . u .
Atom M u l t i p l e t c E W Be R a t i o
0 .6 7 0 - 2 .504785 - 2 . 609547 0.104762
C I 0 .3 0 8 - 2 .697622 -2 .6 4 01 2 7 0.032505 0 .7 5
3p 0 .0 7 8 - 2 .676171 - 2 .680801 0 .004629
! s 0 .58 2 - 4 .3 37 988 - 4 .45 117 6 0.113188
N I I 0 .2 4 4 -4 ,4 7 24 6 1 - 4 .50 673 8 0.034277 0 .9 3
3p 0 .0 7 6 - 4 .5 6 2 1 0 9 - 4 .566786 0.004677
\ s 0 .5 3 4 - 6.671191 - 6 .789910 0 .118718
C I I I oD 0 .2 3 4 - 6.837305 -6 .87 2 46 2 0 .035157 1 .0 33p 0 .0 7 5 -6 .9 48 0 46 - 6.952753 0.004706
TABLE I I .  MULTIPLET SEPARATIONS FOR (2p) IN a . u .
C a l c u l a t e d
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Observed v a l u e s  t a k e n  f rom  S l a t e r ,  R ef .  ( l l ) .
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to  t h e  l e v e l  a l o n e .  T h is  l e v e l  l i e s  so h ig h  t h a t  t h e  ■=—
^12
e n e r g y  I s  n o t  s m a l l  compared t o  t h e  c e n t r a l  f i e l d  p o t e n t i a l  
t h u s  making th e  s e t  o f  h y d ro g en lc  o r b i t a l s  a p o o r  b a s i s  s e t  
f o r  t h e  u n p e r t u r b e d  H a m i l to n ia n .  The Improvement I n  t h i s  
s e p a r a t i o n  w i th  s t a g e  o f  I o n i z a t i o n  I s  e x p l a i n e d  by  e s s e n ­
t i a l l y  t h e  same a rg u m e n t .  I . e . ,  a s  t h e  n u c l e a r  cha rg e  I n c r e a s e s  
th e  I n t e r a c t i o n  w i t h  t h e  c e n t r a l  f i e l d  I n c r e a s e s .  T h i s  d e ­
c r e a s e s  t h e  r e l a t i v e  magni tude  o f  th e  —̂  te rm  which c a u s e s
^12
th e  co re  model t o  become more a c c u r a t e .
In  a l l  o f  t h e  r e s u l t s  t h e  a b s o l u t e  s i g n i f i c a n c e  o f  
t h e  d e v i a t i o n s  f rom  t h e  ob se rv ed  v a l u e s  must be a t t r i b u t e d  
t o  t h e  c h o ic e  o f  t h e  c o r r e l a t i o n  f u n c t i o n  ( l  + c r ^ g ) -  I n ­
d e e d ,  t h e r e  a r e  o t h e r  ways to  I n c l u d e  t h e  r e l a t i v e  e l e c t r o n i c  
c o o r d i n a t e s  and I t  I s  d i f f i c u l t  t o  a s c e r t a i n  t h e  b e s t  method. 
The p a r t i c u l a r  f u n c t i o n  used  h e re  was ch osen  b e c a u se  o f  I t s  
s i m p l i c i t y  b u t  on t h e  b a s i s  o f  th e  r e s u l t s  I t  I s  f e l t  t h a t  
I t  r e p r e s e n t s  a f a i r l y  good c h o ic e  f o r  t h e  and 3p l e v e l s .
The (3d)^  C o n f i g u r a t i o n
p
The p r o c e d u r e  h e re  I s  t h e  same a s  I n  t h e  (2p) c a s e  
e x c e p t  f o r  the  c h o ic e  o f  t h e  c e n t r a l  f i e l d .  I . e . ,  t h e  c h o ic e  
o f  Z ' and s .  Now t h e  two o u t e r  e l e c t r o n s  move In  t h e  f i e l d  
o f  t h e  n u c le u s  and t h e  s p h e r i c a l l y  sym m etr ic  c e n t r a l  f i e l d  
o f  t h e  c lo s e d  e l e c t r o n i c  s h e l l s  ( l s ) ^ ( 2 s ) ^ ( 2 p ) ^ ( 3 s ) ^ ( 3 p ) ^ .  
A ccord ing  t o  S l a t e r ' s  r u l e s  f o r  e f f e c t i v e  c h a r g e ,  s s h o u ld  
a g a i n  be 0 .3 5  and Z ' sh o u ld  be g i v e n  by  ( see  R e f .  l l )
Z ' = 0.65Z -  11 .35 + 0 .3 5P  ( 3 .9 )
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where p i s  t h e  s t a g e  o f  i o n i z a t i o n ,  e q u a l  t o  z e r o  f o r  t h e  
n e u t r a l  a tom , u n i t y  f o r  a s i n g l y  c h a r g e d  i o n ,  e t c .  The c a l ­
c u l a t i o n  has  b e en  c a r r i e d  o u t  u s i n g  t h e s e  r u l e s  f o r  t h e  i s o -  
e l e c t r o n i c  sequence  T i  I I I  -  Ni IX and a  few o f  t h e  s i g n i f i ­
c a n t  r e s u l t s  a r e  p r e s e n t e d  i n  T ab le  I I I .  I t  i s  o b v io u s  f rom  
th e  t a b l e  t h a t  t h e  c a l c u l a t e d  v a l u e s  f o r  t h e  m u l t i p l e t  s p a c -  
i n g s  a r e  i n  p o o r  a g re e m e n t  w i t h  t h e  o b s e r v e d  v a l u e s  and  th e  
improvement  w i t h  i n c r e a s i n g  i o n i z a t i o n  i s  o n l y  s l i g h t .  T h i s  
i s  n o t  to o  s u r p r i s i n g  s i n c e  i t  i s  w e l l  known t h a t  S l a t e r ' s  
r u l e s  become a p o o r  a p p r o x i m a t i o n  v e r y  r a p i d l y  a s  one p r o ­
ceeds  t o  t h e  l a r g e r  a to m s .  There  i s  much e v id e n c e  t h a t  t h e s e  
r u l e s  p ro du ce  a v a lu e  o f  Z ' which i s  much too  s m a l l  and  t h e  
i n c l u s i o n  o f  c o r r e l a t i o n  can n o t  do a n y t h i n g  b u t  make m a t t e r s  
worse s i n c e  i t s  e f f e c t  i s  t o  s u p p r e s s  t h e  e n e r g y  l e v e l s  d i f ­
f e r e n t i a l l y  a s  i s  i n d i c a t e d  by th e  c o r r e l a t i o n  c o e f f i c i e n t .
The c o m p e t i t i o n  b e tw een  improvement w i t h  i n c r e a s i n g  i o n i z a t i o n  
and t h e  d e c r e a s i n g  v a l i d i t y  o f  S l a t e r ' s  r u l e s  a s  one g o e s  t o  
h i g h e r  Z i s  r e s p o n s i b l e  f o r  t h e  s l i g h t  improvement w i t h  s t a g e  
o f  i o n i z a t i o n .
2
The above p rob lem  was n o t  a p p a r e n t  i n  t h e  (2p) c a s e  
b e c a u s e  th e  e f f e c t i v e  ch a rg e  d e te r m i n e d  by  t h i s  method i s  
a lw ays  w i t h i n  t h e  rang e  o f ,  o r  s l i g h t l y  h i g h e r  t h a n ,  th e  
v a l u e s  o b t a i n e d  f rom  a s i m p l i f i e d  H a r t r e e - F o c k  c a l c u l a t i o n  
( 11) .
From T ab le  I I I  t h e  s t a b i l i t y  o f  t h e  c o r r e l a t i o n  c o e f -  
f i c i e n t  f o r  th e  -^F l e v e l  a s  one p r o c e e d s  t h r o u g h  th e
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TABLE I I I .  CALCULATED AND OBSERVED MULTIPLET SPACINGS
USING SLATER'S EFFECTIVE CHARGE,a
Atom, 
Z ' Level c S e p a r a t i o n




T i  I I I | s 1 .62 Is 3p 3033 14053?
3 .6 5 & 0 .4 6 3 ¥ - 3p 2630 143983P 0 .3 8 6 3p - % 2341 10570
3?
0 .3 0 3
0 .1 1 7
^D 2040 8473
V IV 1.12 Is 3p 6381
4 .6 5 I g 0 .3 9 1 I g — 3p 4580 18389
3p 0 .3 2 1 3p — 3p 3985 13180
3?
0 .2 7 1
0 .1 1 0
^D 3p 3363 10960
Cr V ]s 0 .9 2 9 }s 10380
5 .6 5 \ g 0 .3 5 4 ¥ - 3p 6716 [ 2206O]3P 0 .2 8 8 3p - 3p 5733 15500
3?
0 .2 5 3
0 .1 0 5
^D 3p 4792 13200
Mn VI 0 .8 2 5 ¥ 3p 14857
6 .6 5 0 .3 3 1 ¥ - 3p 8967 25511
3p 0 .2 6 9 3p - 3p 7536 17782
3p
0 .2 4 1
0 .1 0 9
^D 3p 6282 15336
Fe V II 1^ 0 .7 5 9 Is 197117 . 6 5 0 .3 1 5 ¥ - 3p 11303 28915
3P 0 .2 5 6 3P - 3p 9386 20037
3p
0 .2 3 3
0 .0 9 9
^D 3p 7825 17475
Co V I I I h 0 .7 1 4 Is 3p 24842 _ _ _
8 .6 5 ¥ 0 .3 0 4 ¥ - 3p 13691 ' — — —3P 0 .2 4 6 3p - 3p 11256 — — —
3?
0 .2 2 7
0 .0 9 8
^D 3p 9393
Ni IX }s 0 .6 8 0 Is 3p 30190
9.65 \ g 0 .2 9 6 ¥ - 3p 16118 »  — —
0 .2 3 9 3P - 3p 13142 —  — —
3?
0 .2 2 3
0 .0 9 7
^D 3p 10983
A l l  o b s e r v e d  v a l u e s  t a k e n  f rom  "Atomic E nergy  L e v e l s " ,  
C i r c u l a r  467, U.S .  D e p t ,  o f  Commerce, N a t i o n a l  B ureau  o f  
S t a n d a r d s ,  1952.
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I s o e l e c t r o n l c  sequence  I s  v e r y  s t r i k i n g  b u t  no c o n c l u s i o n s  
can be made f rom  i t  due to  t h e  o b v i o u s l y  p o o r  c h o ic e  f o r  t h e  
z e r o - o r d e r  f u n c t i o n s .
B e t t e r  methods e x i s t  f o r  d e t e r m i n i n g  e f f e c t i v e  c h a r g e .  
The method o f  i o n i z a t i o n  p o t e n t i a l s  has  been  u se d  by  Lane and 
Lin  t o  d e te r m in e  Z ' f o r  many c o n f i g u r a t i o n s  i n  t h e  i r o n - s e r i e s  
e l e m e n t s  ( 7 ) .  F o r  e a c h  atom i n  th e  sequence  t h e i r  r e s u l t s  
f o r  Z ' were c o n s i d e r a b l y  l a r g e r  t h a n  th o s e  g i v e n  by ( 3 .9 )  and 
t h e y  g i v e  r e s u l t s  f o r  t h e  m u l t i p l e t  s p a c i n g s  w i t h o u t  c o r r e l a ­
t i o n  which a r e  o n l y  s l i g h t l y  l e s s  t h a n  th e  o b s e r v e d  v a l u e s .  
However, b e ca u se  o f  t h e  d i f f e r e n t i a l  s u p p r e s s i o n  o f  t h e  
l e v e l s  w i t h  t h e  i n c l u s i o n  o f  c o r r e l a t i o n  t h i s  s m a l l  d e v i a ­
t i o n  i s  s u f f i c i e n t  to  p roduce  t h e  same g e n e r a l  t r e n d s  a s  
g i v e n  i n  T ab le  I I I .  The b a s i c  d i f f e r e n c e s  be tw een  t h e  r e ­
s u l t s  o f  T ab le  I I I  and th e  r e s u l t s  o f  a  c a l c u l a t i o n  u s i n g  
t h e s e  l a r g e r  v a l u e s  o f  Z ' were a more r a p i d  improvement w i th  
i o n i z a t i o n  and th e  c o r r e l a t i o n  c o e f f i c i e n t s  i n  e a c h  c a se  were 
a p p r o x i m a t e l y  o n e - h a l f  a s  l a r g e  a s  t h o s e  i n  t h e  t a b l e .  The 
c a l c u l a t i o n  was c a r r i e d  ou t  u s i n g  s = 0 .3 5  and s = 0 . 5  which 
i s  t h e  v a lu e  d e te r m i n e d  by t h e s e  two w r i t e r s  and a p p e a r s  t o  
be s l i g h t l y  more r e a l i s t i c  t h a n  t h e  f o r m e r  v a lu e  due t o  
S l a t e r .
From th e  above d i s c u s s i o n  i t  seems a t  l e a s t  h e u r i s -  
t i c a l l y  o b v io us  t h a t  i f  one u s e s  some o t h e r  c r i t e r i o n  f o r  
c h o o s in g  Z ' and i f  t h i s  c h o ic e  p r o d u c e s  m u l t i p l e t  r e s u l t s  
which  a r e  to o  l a r g e  th e n  th e  i n c l u s i o n  o f  c o r r e l a t i o n  sh o u ld
24
prod u ce  a c o r r e c t i o n  In  t h e  r i g h t  d i r e c t i o n .  One p o s s i b i l i t y  
i s  t o  choose  Z' which w i l l  r e p ro d u c e  th e  e x p e r i m e n t a l l y  d e t e r ­
mined v a lu e  o f  F ^ ^ ) ( 3 d , 3 d ) .  The d i f f i c u l t y  h e re  i s  d e c i d i n g  
on th e  c o r r e c t  e x p e r i m e n t a l  v a lu e  t o  u se  s i n c e  s e v e r a l  e x p e r i ­
m en te rs  have some q u i t e  d i f f e r e n t  r e s u l t s .  Cady has  measured 
P ^ ^ ^ ( 3 d ,3 d )  and P ^ ^ ^ (3 d ,3 d )  f o r  p r o b a b l y  t h e  l a r g e s t  number
o f  t h e  t r a n s i t i o n  e l e m e n t s  hav ing  a (3d) e l e c t r o n  c o n f i g u r a -
( 2 )
t i o n  ( 3 ) .  His r e s u l t s  f o r  P (3 d ,3 d )  a p p e a r  i n  T ab le  IV a s  
w e l l  a s  t h e  Z ' (exp Z ')  c a l c u l a t e d  f rom  them u s i n g  th e  
r e l a t i o n
P ^ ^ ^ (3 d ,3 d )  = 2 02 .4 99  Z ' cm“^ (3 .1 0 )
Also i n  T ab le  IV a r e  v a lu e s  o f  Z ' (HP Z ')  c a l c u l a t e d  by
(3 .1 0 )  u s i n g  W a tso n 's  H a r t r e e - P o c k  r e s u l t s  (1 5 ) .
The r e s u l t s  o f  t h e  c o r r e l a t i o n  c a l c u l a t i o n  u s i n g  
Exp Z ' and s = 0 .5  a r e  g i v e n  i n  T ab le  V f o r  t h o s e  a toms i n  
T ab le  IV f o r  which th e  m u l t i p l e t s  have be en  o b se rv e d  e x p e r i ­
m e n t a l l y .  The c o r r e l a t i o n  c o e f f i c i e n t  i s  t a b u l a t e d  f o r  th e  
same o r d e r  o f  l e v e l s  a s  i n  T ab le  I I I .  The improvement w i t h  
i o n i z a t i o n  i s  r a t h e r  r a p i d  h e re  b u t  t h e  i n c l u s i o n  o f  c o r r e l a ­
t i o n  a p p e a r s  t o  o v e r - c o r r e c t  th e  S l a t e r - C o n d o n  t h e o r y  f o r  
t h i s  c h o ic e  o f  c e n t r a l  f i e l d .
To r e t a i n  th e  t h e o r e t i c a l  n a t u r e  o f  t h i s  work th e  
HP Z ' f rom T ab le  IV were u se d  i n  a s i m i l a r  c a l c u l a t i o n .  T h is  
was done f o r  two v a l u e s  o f  s ,  0 .35  and 0 . 5 ,  f o r  e a c h  a tom. 
These r e s u l t s  a r e  p r e s e n t e d  i n  T ab le  VI where t h e  c o r r e l a t i o n  
c o e f f i c i e n t  f o r  eac h  m u l t i p l e t  l e v e l  i s  g i v e n  i n  t h e  same
25
( 2 )
TABLE IV. EXPERIMENTAL (3 d ,3 d )  DATA IN 
CM'l AND EFFECTIVE CHARGE
TI I I I V IV Cr V Mn VI Fe VII Co V I I I N1 IX
p ( 2 ) ( 3 d , 3 d ) 1110 1456 1758 2062 2402 2670 2871
Exp Z ' 5 .4 0 7 . 1 9 8 .6 8 1 0 .1 8 1 1 .8 6 1 3 .1 8 1 4 .1 8
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TABLE V I .  EFFECT OF CORRELATION USING HP Z ' .  (ALL ENERGIES IN CM"^).
3 = 0 .3 5 3 = 0 .5
Atom S e p a r a t i o n O bservedS p a c in g 0
W ith o u t
C o r r e l a ­
t i o n
W ith
C o r r e l a ­
t i o n
c
W i t h o u t
C o r r e l a ­
t i o n
W ith
C o r r e l a ­
t i o n






0 .8 1 5
0 .3 2 9
0 .2 6 7  
0 . 2 4 0  









0 .6 7 4
0 .2 5 6
0 .2 0 0
0 .1 8 1














0 .7 2 9
0 .3 0 8  
■ 0 . 2 4 9  
0 .2 3 0









0 .6 2 0
0 .2 4 6
0 .1 9 1
0 .1 7 6











[ 2 2 0 6 0 ]
15500
13200
0 . 6 8 8
0 .2 9 7
0 . 2 4 0
0 .2 2 3









0 .5 9 1
0 .2 3 9
0 .1 8 6
0 .1 7 3











o r d e r  a s  i n  t h e  p r e v i o u s  t a b l e s .  Again t h e  c o r r e c t i o n  seems 
to  be o v e r - e m p h a s iz e d  w i t h  t h e  r e s u l t s  u s i n g  c o r r e l a t i o n  
b e in g  a b o u t  a s  f a r  be low th e  o bse rv ed  v a l u e s  a s  t h e y  a r e  
above w i t h o u t  c o r r e l a t i o n .  The d i f f e r e n c e  be tw een  th e  s =
0 .3 5  and s = 0 .5  c a s e s  seems t o  be i n s i g n i f i c a n t  f o r  p r e d i c t ­
i n g  t h e  m u l t i p l e t  s t r u c t u r e .  However, f o r  a l l  c h o ic e s  o f  Z ' 
t h e  r e s u l t s  t u r n e d  o u t  t o  be s l i g h t l y  b e t t e r  f o r  th e  l a r g e r  
v a lu e  o f  s .  T h is  g i v e s  some s u p p o r t  t o  t h e  work o f  Lane and 
L in .  An ob v ious  r e s u l t  o f  T ab le  VI i s  t h a t  t h e  v a l u e s  o f  c 
a r e  c o n s i d e r a b l y  s m a l l e r  f o r  s = 0 .5  t h a n  f o r  s = 0 .3 5 .  T h is  
i s  b e c a u s e  c depends q u i t e  s t r o n g l y  on t h e  " u n c o r r e l a t e d  
e n e r g y "  E and th e  l a r g e r  v a lu e  o f  s p ro d u c e s  a l a r g e r  a b s o l u t e  
magn i tude  f o r  E a s  one would e x p e c t  i f  t h e  s c r e e n i n g  i s  i n ­
c r e a s e d .  No f u r t h e r  c o n c l u s i o n  can be made from t h i s  o b s e r v a ­
t i o n ,  however ,  s i n c e  e a c h  c h o ic e  o f  c e n t r a l  f i e l d  p ro du ces  
new v a l u e s  f o r  c .
I n  th e  n e x t  c h a p t e r  t h e  more r e a l i s t i c  H a r t r e e - P o c k  
atom w i l l  be c o n s i d e r e d  i n  which Z ' and s a r e  no l o n g e r  a r b i ­
t r a r y .  Thus one cou ld  e x p e c t  some improvement i n  t h e  r e s u l t s .
CHAPTER IV
THE HARTREE-POCK ATOM
The r e s u l t s  o f  t h e  l a s t  c h a p t e r  made I t  o b v io u s  t h a t  
t h e  o v e r - s i m p l i f i e d  h y d ro g e n ic  c o re  model was n o t  a d e q u a te  
f o r  p r e d i c t i n g  t h e  m u l t i p l e t  s t r u c t u r e  o f  th e  i o n s  o f  th e  
f i r s t  t r a n s i t i o n  e l e m e n t s .  The i n d i c a t i o n  was t h a t  t h e  
m u l t i p l e t  s p a c i n g  was s e n s i t i v e  t o  t h e  u n c o r r e l a t e d  e n e r g y  
o f  th e  L -  m u l t i p l e t s  f o r  which th e  h y d ro g e n ic  c o re  model i s  
a p o o r  a p p r o x i m a t i o n .  Thus ,  i t  seems n a t u r a l  t o  e x t e n d  t h e  
c o r r e l a t i o n  e f f e c t  t o  t h e  more a c c u r a t e  H a r t r e e - P o c k  f i e l d .
H a r t r e e - P o c k  Theory  o f  T w o -E le c t ro n  Systems 
Only a b r i e f  o u t l i n e  o f ^ t h e  H a r t r e e - P o c k  t h e o r y  f o r  
two 3 d - e l e c t r o n s  w i l l  be g i v e n  h e r e .  C o n s i d e r  an  a tom h a v in g  
Z p r o t o n s  and  N e l e c t r o n s ,  two o f  t h e s e  N e l e c t r o n s  b e in g  i n  
a s i n g l e  i n c o m p l e t e  g ro u p  which l i e s  o u t s i d e  o f  a  number o f  
com ple te  g r o u p s ,  o r  c l o s e d  s h e l l s .  These c l o s e d  s h e l l s  w i l l  
be r e f e r r e d  t o  a s  t h e  c o r e .  L e t  t h e  two o u t e r  e l e c t r o n s  be 
d e n o te d  by 1 ,2  and t h e  c o re  e l e c t r o n s  by  t h e  i n d i c e s  i , j  
where e a c h  o f  t h e  l a t t e r  r u n s  f rom 3 t o  N (o v e r  t h e  c o re  
e l e c t r o n s  o n l y ) . The H a m i l to n ia n  f o r  t h e  e n t i r e  a tom can  be 




»a = I  % + ï  ( 4 . 1 )
1=1 1 , J = 1  I J
where I s  t h e  o n e - e l e c t r o n  H a m i l to n ia n  g i v e n  by
i  -  (Z / r ^ )  (4 .2 )
E q u a t i o n  ( 4 .1 )  may a l s o  be  w r i t t e n  a s  
N N, N N
( 4 .3 )
The t e rm s  I n  ( 4 .3 )  may b e  I d e n t i f i e d  a s  f o l l o w s :
N N
_ Y Y ' 1 . c o n t a i n s  c o o r d i n a t e s  o f  t h e
He ” Z. %  + L  rvTT ' c o r e  e l e c t r o n s  o n ly
1=3 l , j = 3
N N
y
J =3 «  h  ‘'2 J
Y 1 ^  Y 1 . c o n t a i n s  c o o r d i n a t e s  o f  a l l
Hc-e " r^  ̂ L_ Vo^ ‘ t h e  e l e c t r o n s
H - Hi + Hg + —̂  : c o n t a i n s  c o o r d i n a t e s  o f  t h e
^ ^12 o u t e r  e l e c t r o n s  o n ly
W ith  t h i s  n o t a t i o n  t h e n
( 4 .4 )
I f  H^ g were n o t  p r e s e n t  I n  ( 4 .4 )  one c o u ld  e x p e c t  
t o  s e p a r a t e  t h e  com ple te  wave f u n c t i o n  I n t o  a p r o d u c t  a s  
\  ~ * ( c )  t ( l , 2 )  and t h e  e n e r g y  would be g i v e n  by = E^
+ E^g. However, t h i s  I s  n o t  t h e  c a se  a n d ,  f u r t h e r m o r e ,  
must be  a n t i - s y m m e t r i c  w i t h  r e s p e c t  t o  I n t e r c h a n g e  I n  t h e
31
c o o r d i n a t e s  o f  any two e l e c t r o n s  i n c l u d i n g  th o se  e l e c t r o n s  
i n  t h e  c o re  w i t h  e i t h e r  o f  th e  two o u t e r  e l e c t r o n s .  A s i n g l e  
S l a t e r - t y p e  d e t e r m i n a n t a l  wave f u n c t i o n  c o n s t r u c t e d  f rom  o n e -  
e l e c t r o n  o r b i t a l s  cp^^(i) i s  s u f f i c i e n t  t o  s a t i s f y  th e  a n t i ­
symmetry p r o p e r t y .  When t h i s  i s  u se d  w i t h  (4 .3 )  th e  t o t a l  
e n e r g y  may be w r i t t e n  a s
N N N N
I  J i ,  + 1  j p ,  -  i
( 4 . 5 )
The Coulomb and exchange  i n t e g r a l s  a r e  d e f i n e d  a s
Ea -  + A i j   A J g j   A Kij  -  A KgJ + El + Eg +
j=3 j=3 j=3  j=3
'  l l  "PsdC) V ( ' l )  <*̂ 1 dTj
K ij  = l l  dTj (4 .6 )
J- J
^12 '  l l  i d ' " )  g  ’ 3 d ' i )  '^3d'"> "^2
The com ple te  HP e q u a t i o n  f o r  th e  3 d - o r b i t a l  i s  o b t a i n e d  by 
v a r y i n g  t h i s  o r b i t a l ,  s u b j e c t  t o  th e  u s u a l  n o r m a l i z a t i o n  and 
o r t h o g o n a l i t y  c o n d i t i o n s ,  i n  such  a way t h a t  i n  (4 .5 )  i s  
a minimum. The a n g u l a r  i n t e g r a l s  may be i n t e g r a t e d  a t  t h e  
o u t s e t  and t h e  m in i m iz a t i o n  p r o c e s s  p ro d u c e s  a d i f f e r e n t i a l  
e q u a t i o n  f o r  t h e  r a d i a l  p a r t  o f  th e  3 d - o r b i t a l .  The r e s u l t ,  
a s  g i v e n  by S l a t e r  ( 1 2 ) ,  i s
{- i  r I  Nj(nt) Yg(nt,3d;r ) (4.7)
a l l  co re  
e l e c t r o n s
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1 T-" Nj ( n t )  ^  If
e l e c t r o n s
X ^  I  X k < 3 d . 3 d s  I - , ) }  R 3 4 ( r , )  =  -
3 d '  1 '  ^ k
I n  ( 4 . 7 ) ,  N j ( n t )  I s  t h e  number o f  e l e c t r o n s  I n  t h e  n t - c l o s e d  
s h e l l ,  c ^ ( 2 , 0 ; t j , 0 )  a r e  t h e  c o e f f i c i e n t s  d i s c u s s e d  i n  con n ec ­
t i o n  w i t h  (3 . 5 ) ,  a r e  t h e  same a s  g i v e n  by (3 .5 )  w i t h  one
e x c e p t i o n  t o  be d i s c u s s e d  l a t e r ,  and th e  Y j^(n t ,3d j  r ^ )  a r e  
f u n c t i o n s  o b t a i n e d  by i n t e g r a t i n g  t h e  Coulomb i n t e g r a l  o v e r  
one o f  t h e  e l e c t r o n s  o n l y .  These f u n c t i o n s  were f i r s t  i n t r o ­
duced by H a r t  r e  e and l a t e r  g e n e r a l i z e d  by  S l a t e r  ( l l ) .  They 
a r e  d e f i n e d  as
^1
1 f k+2
Y k ( n t , 3 d ; r i )  = -gr \  ' '3d ( '"g ) ' ' :
(4 . 8 )
o -  -  3 d '  2 '  2 2
■'l
A lso  i n  (4 . 7 ) ,  a c c o r d i n g  t o  Koopman's th eo re m  i s  t h e
i o n i z a t i o n  e n e rg y  o f  t h e  f i r s t  3d- e l e c t r o n .
I t  i s  o b v io u s  t h a t  t h e  unknown r a d i a l  f u n c t i o n  w i l l
(k)
be d i f f e r e n t  f o r  e a c h  m u l t i p l e t  l e v e l  b e c a u se  t h e  a c o e f ­
f i c i e n t s  w i l l  change .  T h i s  i s  r e f e r r e d  t o  a s  t h e  u n r e s t r i c t e d  
HP method. I n  th e  r e s t r i c t e d  HP method, one f i n d s  t h e  c e n t e r  
o f  g r a v i t y ,  o r  a v e r a g e  o f  th e  c o n f i g u r a t i o n  (a o f  c)  a s  i t
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I s  c a l l e d ,  o f  a l l  t h e  te rm s and m in im iz es  t h i s  e n e r g y  w i t h  ■
r e s p e c t  t o  t h e  r a d i a l  f u n c t i o n .  The r e s u l t  i s  a s i m i l a r  o n e -
e l e c t r o n  d i f f e r e n t i a l  e q u a t i o n  whose s o l u t i o n  i s  a s i n g l e
r a d i a l  f u n c t i o n  which b e s t  f i t s  a l l  t h e  m u l t i p l e t  l e v e l s .
P r e c i s e l y  t h e  same e q u a t i o n  i s  o b t a i n e d  by s u b s t i t u t i n g
a^^^ f o r  a^^^ i n  (4 .7 )  where t h e s e  c o e f f i c i e n t s  a r e  r e -  
a o f  c
l a t e d  a s  f o l l o w s .
^  (2L + 1) (28 + 1) a (k)
a'"*  :- - - - - - - - - - - - - -  (4.9)
^ °  ° ^  (2L + 1) (28 + 1)
L,S
F o r  (3 d )^ ,
a^°^  = 1, a / ^ )  = a ^ ^ )  = -  ^  (4 .1 0 )
a o f  c a o f  c a o f  c
T here  a r e  two ways t o  o b t a i n  an  a p p ro x im a te  s o l u t i o n
t o  ( 4 . 7 ) .  One i s  t o  use  n u m e r i c a l  i n t e g r a t i o n ,  th e  o t h e r  i s
an  a n a l y t i c  method i n  which  one u s e s  some i n t u i t i o n  t o  d e c id e  
on a r e a s o n a b l e  a n a l y t i c  form f o r  8 3 3 (^2 ) '  T h is  a n a l y t i c  
form which  c o n t a i n s  some a d j u s t a b l e  p a r a m e t e r s  i s  s u b s t i t u t e d  
i n t o  (4 . 7 ) and t h e  p a r a m e t e r s  a r e  a d j u s t e d  t o  g i v e  a minimum 
v a lu e  f o r  e^.  Such a p r o c e d u r e  h as  b e en  u s e d  by  Watson, i n  
most c a s e s  f o r  t h e  a o f  c (6 ) .  The form  o f  W a t s o n ' s  3d-  
f u n c t i o n ,  w hich  i s  t h e  o n ly  one needed  h e r e ,  i s
o - S i p r  - 8 n q r  - 8 .  h r  - S n r r
R3d ( r )  = r  (C^g© + C^^e + C^^e ^ )
(4 .1 1 )
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where and a r e  th e  a d j u s t a b l e  p a r a m e t e r s  which  a r e  t a b ­
u l a t e d  I n  R e f .  (6) f o r  t h e  v a r i o u s  I o n s  o f  t h e  I r o n - s e r l e s  
e l e m e n t s .  These r e s u l t s  a r e  p r o b a b l y  t h e  b e s t  y e t  o b t a i n e d  
f o r  t h e s e  a toms and th e  I o n i z a t i o n  p o t e n t i a l s  a r e  I n  good
a g re e m e n t  w i t h  t h e  o b s e rv e d  v a l u e s .  However, t h e  r e s u l t s  f o r
(2)  (4)
P (3 d ,3 d )  and P (3d ,3 d )  a r e  a b o u t  20^  to o  l a r g e  which
c a u s e s  t h e  l e v e l s  t o  be spaced  to o  f a r  a p a r t  a s  shown I n  
T a b le  V I .  I t  I s  hoped t h a t  t h e  I n c l u s i o n  o f  c o r r e l a t i o n  
w i l l  c o r r e c t  t h i s  s i t u a t i o n .
B e f o r e  l e a v i n g  t h e  HP t h e o r y  I t  I s  w o r th w h i l e  t o  
I n t e r p r e t  t h e  v a r i o u s  te rm s  I n  ( 4 . 7 ) .  The f i r s t  two t e rm s  
r e p r e s e n t  t h e  k i n e t i c  p l u s  n u c l e a r  p o t e n t i a l  e n e r g y .  The 
s q u a r e  b r a c k e t  r e p r e s e n t s  t h e  s h i e l d i n g  o f  t h e  n u c l e u s  by 
t h e  c o re  e l e c t r o n s  and th e  l a s t  t e rm  I s  t h e  s h i e l d i n g  p r o ­
duced  by  one o f  th e  3 d - e l e c t r o n s  on t h e  o t h e r .  B o th  o f  t h e  
s h i e l d i n g  te rm s  a r e  o b v i o u s l y  f u n c t i o n s  o f  r^  and a r e  n o t  
c o n s t a n t  a s  was assumed I n  th e  l a s t  c h a p t e r .  Prom ( 4 .7 )  th e  
o n e - e l e c t r o n  HP H a m i l to n ia n  can  be w r i t t e n  s y m b o l i c a l l y  I n  
a n  o b v io u s  n o t a t i o n  a s
^1
To u n d e r s t a n d  t h e  a s s u m p t io n s  u n d e r l y i n g  t h e  h y d ro g e n ic  c o re  
model o f  t h e  l a s t  c h a p t e r  I t  I s  o n l y  n e c e s s a r y  t o  c o n s i d e r  
t h e  form o f  Y g ( n t , 3 d ; r ^ )  and Y j ^ ( n t , 3 d ; r ^ )  a n d ,  t h u s ,  t h e  form
f , .
o f  S c ( r j^ ) .  These  f u n c t i o n s  a lw ay s  have t h e  form
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Yq ~  1 -  e (po ly no m ia l  I n  r ^ )
- c r i
- c r ,
Yjç ~  e . (po ly n om ia l  i n  r ^ )
The c o n s t a n t  t e rm  i n  Y when summed o v e r  a l l  t h e  e l e c t r o n so
i n  th e  c o re  g i v e s  N-2.  F a c t o r i n g  t h i s  c o n s t a n t  and d e n o t i n g  
e v e r y t h i n g  t h a t  rem a in s  be tw een  t h e  sq u a re  b r a c k e t  i n  (4 . 7 ) 
s im p ly  by - S c ( r ^ ) ,  c an  be w r i t t e n  as
1 2 Z -  N + 2 + s ( r , )  -  S p ( r , )
Hi “  -  è  ’ f --------------------— —
1
o r
H. = -  1  v", -  Z H ,t  2 _ f ç W  + f d l l l  ( 4 .1 3 )
r i  ^1
O b v io u s ly ,  Z -  N + 2 i s  t h e  ch a rg e  e x p e r i e n c e d  by  one o f  t h e  
o u t e r  e l e c t r o n s  i f  i t  moved i n  t h e  f i e l d  o f  a h a rd  s p h e r i c a l  
c o r e .  Sg and Sg r e p r e s e n t  t h e  s t a t i s t i c a l  n a t u r e  o f  th e  
charge  d i s t r i b u t i o n .  As w r i t t e n  h e re  s^ and Sg a r e  b o t h  
p o s i t i v e  q u a n t i t i e s  w i t h  s^  b e in g  a measure  o f  t h e  amount o f  
t im e t h e  c o re  cha rg e  c lo u d  spends  o u t s i d e  t h e  3 d - o r b i t  c a u s ­
in g  an i n c r e a s e  i n  e f f e c t i v e  ch a rge  and Sg a measure  o f  the  
amount o f  t im e  th e  o t h e r  3 d - e l e c t r o n  spends  b e tw een  t h e  co re  
and th e  e l e c t r o n  b e in g  c o n s i d e r e d  and th u s  c a u s e s  a d e c r e a s e  
i n  e f f e c t i v e  c h a r g e .  By S l a t e r ' s  r u l e s  t h e s e  two q u a n t i t i e s  
a r e  t a k e n  a s  c o n s t a n t s .
I f  (4 . 13) i s  u se d  f o r  t h e  o n e - e l e c t r o n  H a m il to n ia n ,  
th e n  f o r  th e  whole a tom .
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%a = He + + %2 + ( l / T i g )  ■ -  ^ ( r g )  ( 4 . l 4 )
/  \ s p ( r n )
where Y(r ,)  h a s  be en  w r i t t e n  f o r  —— =— t o  b r i n g  th e  n o t a t i o n
c l o s e r  t o  t h a t  d e f i n e d  i n  C h a p te r  I .  Again f o r  e q u i v a l e n t  
e l e c t r o n s  t h i s  becomes
= He + Hi + Hg + ( l / r i g )  -  2 Y ( r i )  ( 4 .1 5 )
Prom (4 .1 5 )  i t  a p p e a r s  t h a t  H has  b e e n  e l i m i n a t e d  f rom  H_c -e  a
and c o u ld  be w r i t t e n  a g a i n  a s  a s im p le  p r o d u c t  * ( c ) " t ( l , 2 )  
where e a c h  o f  t h e s e  i s  a n t i - s y m m e t r i c  w i t h  r e s p e c t  t o  i n t e r ­
change o f  any two o f  t h e i r  s e p a r a t e  e l e c t r o n s .  I t  i s  o b v io u s  
now t h a t  such  a p r o d u c t  amounts t o  n e g l e c t i n g  t h e  exchange  
between th e  o u t e r  e l e c t r o n s  and th e  co re  e l e c t r o n s  t h u s  i n ­
c r e a s i n g  th e  e n e r g y .  A c t u a l l y ,  H ^ ^  i s  n o t  e l i m i n a t e d  b u t  
has  been  d i s t r i b u t e d  be tw een  th e  two o u t e r  e l e c t r o n s  s i n c e  
one needs  t h e  o r b i t a l s  f o r  t h e  co re  cha rg e  d i s t r i b u t i o n .  I t  
w i l l  be shown t h a t  t h i s  c a l c u l a t i o n  i s  n o t  n e c e s s a r y  when 
c o r r e l a t i o n  i s  i n t r o d u c e d  s i n c e  i t  i s  a l r e a d y  i n c l u d e d  i n  
W a tso n ' s  r a d i a l  f u n c t i o n s .  However, an  e x p l i c i t  fo rm  o f  
Y ( r^ )  i s  need ed .
E f f e c t  o f  C o r r e l a t i o n
S in ce  t h e  c o r r e l a t i o n  f u n c t i o n  i s  r e l a t e d  t o  th e  
c o o r d i n a t e s  o f  t h e  o u t e r  e l e c t r o n s  o n l y ,  Ĥ  may be d ropped  
f rom ( 4 . 1 5 ) .  T h is  i s  b e c a u se  i t  w i l l  make no c o n t r i b u t i o n  
t o  c when th e  v a r i a t i o n  method i s  u se d .  The e f f e c t i v e  
H a m il to n ia n  (2 .1 7 )  may now be u se d  w i t h  H% g i v e n  by ( 4 .1 3 )
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o r  ( 4 .7 )  and Y fr^ )  g i v e n  a s
( k )
Y ( r i )  ï ^ ( 3 d , 3 d ; r ^ )  ( 4 .1 6 )
The e x p l i c i t  form o f  Y. ( S d j S d j r n )  I s  g i v e n  I n  t h e  Appendix ,
fk)I f  t h e  u n r e s t r i c t e d  HF t h e o r y  I s  u se d  t h e  a c o e f -
f l c l e n t s  I n  ( 4 . l 6 )  and t h o s e  a r i s i n g  from I n t e g r a t i o n  o f  - —
^12
I n  ( 4 .1 5 )  w i l l  be I d e n t i c a l  r e s u l t i n g  I n  some c a n c e l l a t i o n  
I n  t h e  l a s t  two te rm s  o f  ( 4 . 1 5 ) .  I t  I s  e a s y  t o  show t h a t  I n  
t h i s  c a s e  ( 4 .1 5 )  can J u s t  a s  w e l l  be w r i t t e n ,  a f t e r  d ro p p in g  
He, a s
%12 = + %2 -  ( l / r ^ g )  ( 4 .1 6 )
where th e  HP f u n c t i o n s  a r e  now e i g e n f u n c t i o n s  o f  t h e  o n e -
e l e c t r o n  H a m i l t o n ia n s .  To r e t a i n  t h e  l a t t e r  p r o p e r t y  I n  t h e
(k)
a o f  c c a s e  one must u se  ( 4 .1 5 )  a s  w r i t t e n  w i t h  a  g i v e n  
by  ( 4 . 9 ) .  M atr ix  e l e m e n t s  c o n t a i n i n g  Y ( r^ )  t h e n  have t o  be 
e v a l u a t e d .
The d i a g o n a l  e le m e n t  o f  ( 2 .1 7 )  becomes
<îî^2> = -  2e^ + ^  a ( ^ )  P ^ ^ ^ ( 3 d ,3 d )  -  2<Y(r^^)>
-  2c [2 e^  I  a^^^ M ^ ^ ^ 3 d ,3 d )  -  1 
k
+ 2 ^  a ^^ )  R ( ^ ) ( 3 d , 3 d ) ]  -  c^ [4e^<r^>  -  1
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-  % M (k ) (3 d ,3 d )  + 2 ( r ^ Y ( r ^ ) )  + 2<r^> <Y(r^) >
k
(4 .1 7 )
where t h e  r a d i a l  i n t e g r a l s  a r e  d e f i n e d  i n  ( 3 .4 )  e x c e p t  
R ^ ^^ (3 d ,3 d )  i s  d e f in e d ,  a s
R ( * ) ( 3 d , 3 d )  = Y(r^)  V j^ ( r< , r^ )  ( r ^ )  1̂  |R2^ ( r 2 ) l ^
X r ^ r^ d r^ d T g  ( 4 . l 8 )
and i s  t h e  o n e - e l e c t r o n  i o n i z a t i o n  e n e r g y  c a l c u l a t e d  by 
Watson and e n t e r e d  a s  a p o s i t i v e  q u a n t i t y  i n  ( 4 . 1 7 ) .  The
(jç \
a w h ich  a p p e a r  e x p l i c i t l y  i n  ( 4 .1 7 )  a r e  t h o s e  a p p r o p r i a t e  
t o  t h e  m u l t i p l e t  l e v e l  b e in g  c o n s i d e r e d  and a r e  g i v e n  by 
( 3 . 5 ) .  The n o r m a l i z a t i o n  c o n d i t i o n  i s  t h e  same a s  ( 2 . l 8 ) .
F o r  s t u d y i n g  th e  m u l t i p l e t  s p a c i n g  i t  i s  c o n v e n ie n t  
t o  e l i m i n a t e  t h e  o n e - e l e c t r o n  i o n i z a t i o n  e n e r g y  from ( 4 . 1 7 ) .  
T h is  can be done by  g r o u p in g  th e  f i r s t  t e rm s  i n  e a c h  l i n e  o f
( 4 .1 7 )  t o g e t h e r  and f a c t o r i n g  t h e  m a t r i x  e le m e n t  o f  (1 + 
c r^ g ) ^  w hich  i s  J u s t  th e  n o r m a l i z a t i o n  c o n s t a n t .  A f t e r  n o r ­
m a l i z i n g ,  t h e  r e s u l t  i s
W' = -  2e^ + (1/N) { Y P ^ ^ ^ ( 3 d ,3 d )  -  2 ( Y ( r i ) >  ( 4 . l 8 )
k
+ 2c [ l  -  2 ^  a ( k )  R(k) ( 3 d , 3 d ) ]  
k
+ c^ [ l  + ^  a M (k ) (3 d ,3 d )  -  2 ( r ^ Y ( r ^ ) >  -  2<r^> <Y(r^^) ) ]  }
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where N i s  a g a i n  g i v e n  by ( 2 . l 8 ) .  By i n t r o d u c i n g  o t h e r  
r a d i a l  i n t e g r a l s  and  making u s e  o f  t h e  d e f i n i t i o n  o f  Y ^ r ^ ) ,
( 4 . 1 8 ) can  be w r i t t e n  f o r  th e  a o f  c c a s e ,  a f t e r  d ro p p in g  
- 2 e^,  a s
W = -  a a f ’ f  , )  p ' ‘' ’ (3 d ,3 d )
r  r  (k) ( k ' )  (k) n
+ 2 c 1 - 2  ) a a ^ R (3d , 3d ; k )
L k ,k ^  * ° J
+ c^ [1  + ^  a^^^ M ^ ^ \ s d , 3 d )  -  2 ^  a j ^ ^ ^  ^ N^*^(3d , 3d)
k
- 2 R ( 2 ) ( 3 d )  "l a j ^ ^ ^  ^ F ( 3 d , 3 d ) ]  } ( 4 .1 9 )
k
and
Y’ (k) (k) 2 (2)
N = 1 + 2c 2, a  M (3 d ,3 d )  + 2c R (3d) (4 .2 0 )
k
where t h e  new r a d i a l  i n t e g r a l s  a r e  d e f i n e d  a s
r '  ( 3 d , 3 d i k ' )  .  Y k . f S d . j ü U r i i l R g a f r i i R ^ f r g ) ! :
2 2
X r^ T g d r^ d rg
N ( k ) ( 3 d ,3 d )  .  Y „ ( 3 d . 3 d ; r i ) | R 3 ^ ( r ^ ) R 3 a ( r 2 ) l ^  r ^ r ^ d r ^ d r ^
R^ ^(3d) = \  r ^ d r i
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W r i t t e n  i n  t h i s  form, a l l  c o e f f i c i e n t s  a r e  e x p l i c i t l y
s t a t e d ,  t h o s e  w i t h o u t  t h e  a o f  c s u b s c r i p t  b e lo n g  t o  t h e  a p ­
p r o p r i a t e  L - m u l t i p l e t  b e in g  c o n s i d e r e d .  The r a d i a l  i n t e g r a l s
a r e  t o  be c a l c u l a t e d  u s i n g  a o f  c . r a d i a l  f u n c t i o n s .  I f  t h e
(k)u n r e s t r i c t e d  HP t h e o r y  i s  u se d  t h e  a need  o n ly  be r e -
(k) ^ c
p l a c e d  by  a and th e  u n r e s t r i c t e d  r a d i a l  f u n c t i o n s  u se d  i n  
t h e  i n t e g r a l s .
The v a r i a t i o n a l  method (2 .2 0 )  i s  now u se d  t o  f i n d  t h e  
c o r r e l a t i o n  c o e f f i c i e n t  and t h u s  t h e  m u l t i p l e t  e n e r g i e s .
Such a c a l c u l a t i o n  has  b e en  made f o r  t h e  two (3d) - t y p e  i o n s  
whose a o f  c r a d i a l  f u n c t i o n s  were a v a i l a b l e ,  namely ,  T i  I I I  
and Cr V. These r e s u l t s  a r e  g i v e n  i n  T ab le  V I I .  The e x p e r i ­
m en ta l  d a t a  a r e  t h e  same a s  i n  t h e  p r e v i o u s  t a b l e s .
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TABLE V I I .  (a) RESULTS FOR T i  I I I  USING RESTRICTED HP THEORY
L eve l 0 E ( a . u . ) W ( a . u . ) Eo (o m 'l )
3p 0 .07 047 8 -0 .677022 -0 .6 8 1 0 4 3 882
h 0 .177952 -0 .6 2 6 7 8 9 - 0.647514 7359
0 .198211 -0 .6 1 6 2 5 6 -0 .6 3 9 3 3 1 5064
ifl 0 .245 053  ■ -0 .598432 -0 .6 3 1 6 8 6 7298
I s 0 .587385 -0 .4 8 2 9 7 6 -0 .6 2 7 3 4 9 31686
C a lc u l a t e d  (cm“^) D e v i a t io n
Spac ing Ob8 . (cm"l) No C o r r . W ith  C o r r . No. C o r r . W ith  Co:
^D -  3p 8473 11025 7359 + 3 0 . 1* -  1 3 . 1*
3p _ 3p 10570 13337 9155 + 2 6 . 2* -  1 3 . 4$
I q -  ^P 14398 17249 10833 + 1 9 . 8^ -  2 4 .8 $
^S -  3p 14053 (?) 42588 11784 M M
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TABLE V I I .  (b) RESULTS FOR Cr V USING RESTRICTED HP THEORY
Leve l c E ( a . u . ) W ( a . u . ) Eq (cm 'l
3p 0 .072525 - 0 .934 298 - 0 .938856 1000
^D 0 .1 797 09 - 0 .861935 - 0 .885135 5092
3p 0 .195103 -0 .8 4 7 7 7 6 - 0 .873253 5592
i c 0 .241684 - 0 .8 21 558 - 0 .85 875 3 8163
I s 0 .554401 - 0 .6 5 5 0 6 9 - 0 .7 83 719 28235
C a l c u l a t e d  (cm"^) D e v i a t i o n
S p a c in g  Obs .(cm "^)  No C o r r .  With C o r r .  No C o r r .  W ith  C o r r .
D -  ^F 13200 15882 11790 + 2 0 .3 * -  1 0 .7 *
'P -  3p 15500 18989 14398 + 2 2 . 5* -  7 . 1*
G -  ^F [ 22060 ] 24744 17581 + 1 2 .2 * -  2 0 . 3*
S -  3p —  — 61284 34049 — " — "  — ̂
CHAPTER V
DISCUSSION OF RESULTS AND CONCLUDING REMARKS
There  a r e  s e v e r a l  f e a t u r e s  c o n t a i n e d  i n  T ab le  V II  
which  a r e  o b v io u s  a t  t h e  o u t s e t .  F i r s t ,  w h i l e  t h e  p e r c e n t a g e  
d e v i a t i o n  I s  Im proved ,  t h e  I n c l u s i o n  o f  c o r r e l a t i o n  s t i l l  
o v e r - c o r r e c t s  t h e  m u l t i p l e t  s p a c i n g .  Second ,  th e  p e r c e n t a g e  
d e v i a t i o n  d e c r e a s e s  w i t h  I n c r e a s i n g  a to m ic  number. T h i r d ,  
t h e  r e s u l t s  a r e  v e r y  n e a r l y  t h e  same a s  t h o s e  o b t a i n e d  from 
t h e  h y d ro g e n lc  co re  model u s i n g  t h e  HF v a lu e  f o r  Z '  and  0 .5  
f o r  th e  s c r e e n i n g  c o n s t a n t .  These w i l l  be d i s c u s s e d  I n  r e ­
v e r s e  o r d e r  I n  t h e  f o l l o w i n g  p a r a g r a p h s .
C o n s i d e r a b l e  I n s i g h t  may be g a i n e d  by a s k i n g  how th e  
minimum e n e rg y  depends  upon v a r i o u s  q u a n t i t i e s .  To do t h i s ,  
w r i t e  W I n  t h e  form
a i  4 agc  + agc^ ^ i  2
W = — ------------------=%— = N (a-, + apc  + apC^) (5 -1 )
1 + â i ĉ + a^c  ^ ^
where
a i  = < l / r^2>  -  2 <Y(r;^)>
& 2  = 2 [1  -  2<r^2 Y(r^)>]
= 1  + <ri 2 > -  2<r^ Y(r^)> -  2 ( r f > ( Y ( r i ) >
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= 2 ( r^g )
2
= 2 ( r ^ )
Now assume W has  a l r e a d y  been  min im ized  and th e  p r o p e r  v a lu e  
o f  c i n s e r t e d  i n  ( 5 . 1 ) .  To f i n d  ou t  how W d e p en d s  on the  
i n d i v i d u a l  m a t r ix  e l e m e n t s ,  v a r y  W w i t h  r e s p e c t  t o  e a c h ,  a s  
w e l l  a s  w i t h  r e s p e c t  to  c .  One g e t s
N 5W = [-W(a2|. + 2 a^c )  + ag + 2 3 ^ 0 ] 6c + c ( c  -  2W) 6 <r^g)
-  2c^(W -  <Y(r^)>) 6<r^> + ô f l / r ^ g )
-  2 (1  + c2 <r^>) 6 <Y(ri)> -  4c 6 ( r ^ g Y ^ r ^ ) )
-  2c^ 6 < r f Y ( r i ) )  (5 . 2 )
S in ce  c i s  a f u n c t i o n  o f  a l l  t h e  a ' s ,  6c i s  n o t  i n d e p e n d e n t  
o f  v a r i a t i o n s  i n  them. The e x p r e s s i o n  f o r  c i s  o b t a i n e d  
from th e  v a r i a t i o n a l  p r i n c i p l e  and i s
Q -  ~ (^3 ~ &I&5 ) V (^3 ~ ^ 1^ 5 )^ ~ (aga^ -  a g a ^ )  (ag -  a^a^^)
(a^a^ -  aga^)
For  c a l c u l a t i o n s  o f  6c t h e  r a d i c a l  may be expanded  w i t h o u t  
making much e r r o r  i n  6c,  Then
 ̂ ^  1 &2 -  ai&4 r .  . 1 (&3&4 -  a2&5)(a2 " ^ 1^ 4 ) 1
E q u a t io n  ( 5 .3 )  may now be v a r i e d  w i t h  r e s p e c t  t o  e a c h  o f  the
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a ' s .  The r e s u l t  i s
«C .  _  -,----------1---------- .  {  [ - a 4  +
2(&2 -  a i a ^ )
a^X&3&4 ~ ^2^ 5 ) (^2  ~ ^ 1^ 4 )
2 (a^ -  a ^ a ^ ) ^
2
3a^(a2 -  a^a^) (a^a^ - a^a^) -1 r
4 (a ^  -  a ^ a ^ ) 2  ^
2
(a^a^j^ -  aga^  ) (ag - â â̂ j )̂ a^ (ag -  a^a^j^)
2 (a^ -  a ^ a ^ )  4 (a g  -  a ^ a ^ )
2
r  &2 " &%&4 ^ 4(^2  " ^ 1^ 4 )
+ L"
^3 " *1*5 4(S3 - a ^ a ^ y
2
+ .- ...^2^ 5 ) (=2_-L_^f 4 )  1 j  ^  r
4 (a 3  -  a ^ a g ) :  J 3 L 1
2
a^ (a^a4 - aga^) (ag - â â î ) ^^^^2 ~ ^1^4  ̂ 1
2(&3 -  a ^ a ^ jZ  4 (a3  -  a ^ a ^ ) ^  ^
r  a ^ ( a g  -  a ^ a ^ )  a g ( a g  -  a ^ a ^ j ^
+ L - % - T - r z ----------------------------------- ^3 " * 1^5 4 (a3 -  a^a^ )
3a^(a^a2^ -  a g a ^ ) ( a g  -  a ^a ^ )
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I n  t e rm s  o f  t h e  i n d i v i d u a l  m a t r ix  e l e m e n t s  t h e  f i r s t  t e rm  i n  
(5 . 2 ) becom es,  f o r  t h e  l e v e l  o f  T i  I I I ,
f i r s t  t e r m  i n  ( 5 .2 )  = -  0 . 0 6 2 3 6 ( l / r ^ g )  + 0 . 1 1 4 4 6 < Y (r^ ) )
-  0 .0 4 8 5 6 (r^gY C r^))  + 0 . 01936 (r^^g> -  0 . 0 0 4 l 6 < r ^ Y ( r ^ ) > 
+ 0 . 00086<r^>
The r e m a in in g  t e rm s  i n  ( 5 .2 )  f o r  th e  same l e v e l  g iv e
r e m a in in g  te rm s  = 1 . 0 0 6 ( l / r ^ g )  -  2 . 0 5 6 ( Y ( r 2 ) )  -
-  0 .2 8 0 6 < r ^ g Y ( r ^ ) )  + 0 .2436<r^g> -  0 . 0 1 0 6 < r ^ Y ( r ^ ) )
+ O.Ol3 6 <r^>
I t  i s  o b v io u s  t h a t ,  compared w i t h  t h e  r e m a in in g  t e r m s ,  th e  
f i r s t  t e rm  i s  r e l a t i v e l y  i n s e n s i t i v e  t o  a  v a r i a t i o n  i n  t h e  
i n d i v i d u a l  m a t r i x  e l e m e n t s .  Such v a r i a t i o n s  c o u ld  be g e n ­
e r a t e d  b y  r o u n d - o f f  e r r o r  i n  t h e  c a l c u l a t i o n  b u t  t h i s  i s  b e ­
l i e v e d  t o  be s m a l l  s i n c e  a l l  m a t r ix  e l e m e n t s  were c a l c u l a t e d  
u s i n g  1 6 - d l g i t  a r i t h m e t i c  and r e t a i n i n g  o n l y  t h e  f i r s t  8 -  
d i g i t s .  T h e r e f o r e ,  t h e s e  v a r i a t i o n s  may be r e g a r d e d  a s  
a r i s i n g  from t h e  c h o ic e  o f  t h e  r a d i a l  f u n c t i o n s  and th e  
s c r e e n i n g  f u n c t i o n  Y ( r ^ ) .  A f t e r  combining t h e  l a s t  two 
e x p r e s s i o n s  t h e  r e s u l t  i s
N6W = 0 . 9 3 8 6 <l / r 3̂ 2> -  1 .9 4 6 ( Y ( r i ) >  -  0 . 3 28 6 (r ĵ ĝY(1*1 ) >
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+ Ô.2 6 2 6 <r^2 > -  O .O l4 6 < r^y ( r^ )>  + O.Ol46<r^>
I t  i s  s e e n  t h a t  t h e  l a r g e s t  c o n t r i b u t i o n  a r i s e s  f rom <l/r-j^2  ̂
and < y ( r i ) >  b u t  t h e s e  d e te r m in e  t h e  u n c o r r e l a t e d  e n e rg y  and 
c e r t a i n l y  th e  r e s u l t s  s h o u ld  depend q u i t e  s t r o n g l y  on them 
a s  was s t a t e d  e a r l i e r .  The n e x t  l a r g e s t  c o n t r i b u t i o n  I s  f rom  
t h o s e  m a t r ix  e l e m e n t s  c o n t a i n i n g  t h e  s c r e e n i n g  f u n c t i o n  
Y ( r ^ ) .  I t  was n o t  a p p a r e n t  e a r l i e r  t h a t  t h e  minimum e n e rg y  
was so s e n s i t i v e  t o  t h i s  f u n c t i o n .  I t  I s  a l s o  I n t e r e s t i n g  
t o  n o t e  t h a t  <Y(r^)> would n o t  change t h e  m u l t i p l e t  s p a c l n g s  
w i t h o u t  c o r r e l a t i o n  s i n c e  I t  I s  t h e  same f o r  a l l  t h e  t e rm s  
( i n  t h e  a o f  c a p p r o x i m a t i o n ) ,  b u t  w i t h  c o r r e l a t i o n  I t  makes 
a d i f f e r e n t  c o n t r i b u t i o n  t o  e a c h  m u l t i p l e t  th r o u g h  th e  m a t r i x  
e le m e n t  < r^gY (r^ )> .
I t  can  now be u n d e r s t o o d  how t h e  h y d ro g e n lc  model can  
g i v e  r e s u l t s  so n e a r  t h o s e  o f  t h e  HP m odel .  I n  th e  h y d r o ­
g e n l c  c a s e  Y ( r j }  was ch osen  a lm o s t  a r b i t r a r i l y  and w i t h  such  
f reed o m  o f  c h o ic e  I t  I s  p o s s i b l e  t o  make W depend bn t h i s  
f u n c t i o n  t o  a b o u t  t h e  same d e g re e  a s  I n  t h e  more a c c u r a t e  
c a s e .  T h i s  I s  a p p a r e n t l y  what happened I n  u s i n g  th e  HP Z ' 
and 3 = 0 . 5  f o r  t h e  h y d r o g e n lc  c a l c u l a t i o n .  T h is  I s  j u s t i f i e d
p
s i n c e  ( r ^ g )  and (r^> depend  o n ly  on Z ' and  HP Z ' c a u s e s  t h e s e  
m a t r i x  e l e m e n t s  t o  be a b o u t  t h e  same a s  t h e i r  HP v a l u e s .




The improvement w i t h  a tom ic  number, o r  w i t h  s t a g e  o f  
i o n i z a t i o n ,  i s  e x p e c te d  f o r  t h e  same r e a s o n  a s  i n  t h e  h y d r o -  
g e n ic  model .  The c e n t r a l  f i e l d  becomes s t r o n g e r ,  making th e  
HF f u n c t i o n s  more a c c u r a t e  so  t h a t  t h e  c o r r e l a t i o n  e f f e c t  i s  
s m a l l e r .
I t  i s  n o t  obv io u s  why i n c l u s i o n  o f  c o r r e l a t i o n  sh o u ld  
o v e r - c o r r e c t  t h e  m u l t i p l e t  s p a c i n g .  However, t h e  HP model 
does  c o n t a i n  s e v e r a l  b a s i c  a s s u m p t io n s ,  among them a r e  th e  
use  o f  a  s i n g l e  c o n f i g u r a t i o n  o r  a s i n g l e  S l a t e r  d e t e r m i n a n t  
t o  d e s c r i b e  t h e  i o n  and s h o r t  a n a l y t i c a l  e x p a n s i o n s  f o r  th e  
r a d i a l  p a r t  o f  t h e  o n e - e l e c t r o n  o r b i t a l s .  These  two were 
i n h e r e n t  i n  W a tso n 's  o r i g i n a l  work and h i s  r e s u l t s  r e p r e s e n t  
t h e  most c u r r e n t  a t t e m p t ,  and p e rh a p s  t h e  o n l y  one ,  t o  s o lv e  
t h e  H a r t r e e - P o c k  e q u a t i o n s  a n a l y t i c a l l y  f o r  t h e  f i r s t - r o w  
t r a n s i t i o n  e l e m e n t s .  B a s i c a l l y ,  th e  i n c l u s i o n  o f  c o r r e l a t i o n  
was suppose  t o  c o r r e c t  f o r  t h e s e  two a s s u m p t i o n s .  A l though  
Watson o b t a i n e d ,  f o r  some i o n s ,  th e  u n r e s t r i c t e d  r a d i a l  f u n c ­
t i o n s  t h e s e  were a lw ays  f o r  t h e  ground l e v e l  o n l y  and s i n c e  
a l l  f i v e  m u l t i p l e t  l e v e l s  were to  be c o n s i d e r e d  h e r e  i t  was 
d e c id e d  t o  u se  t h e  a o f  c a p p ro x im a t io n  so t h a t  t h e  same 
r a d i a l  f u n c t i o n  cou ld  be u se d  f o r  e a c h  o f  t h e  l e v e l s .  T h is  
a p p r o x i m a t i o n  n e g l e c t s  t h e  p o l a r i z a t i o n  o f  t h e  c l o s e d - s h e l l  
co re  by t h e  o u t e r  e l e c t r o n s ,  a n  e f f e c t  which  i s  e x p e c t e d  t o  
c o n t r i b u t e  v e r y  l i t t l e  t o  t h e  m u l t i p l e t  s p a c i n g .  However, 
Watson and  Freeman have shown r e c e n t l y  t h a t  t h i s  e f f e c t  makes 
an a p p r e c i a b l e  c o n t r i b u t i o n  t o  c e r t a i n  m ag n e t ic  p r o p e r t i e s
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o f  t h e s e  I o n s ,  e s p e c i a l l y  t h e  S t e r n h e i m e r  a n t i - s h i e l d i n g  
f a c t o r  (5 ) ,  (6 ) ,  ( l 6 ) .
The r e m a in in g  a s s u m p t io n s  a r e  i n h e r e n t  i n  t h i s  work. 
The f i r s t  o f  t h e s e  i s  t h e  a s s u m p t io n  t h a t  t h e  a to m ic  wave 
f u n c t i o n  can be w r i t t e n  a s  a  p r o d u c t  o f  t h e  c o re  wave f u n c ­
t i o n  and a t w o - e l e c t r o n  wave f u n c t i o n  f o r  t h e  o u t e r  e l e c t r o n s .  
T h is  n e g l e c t s  t h e  exchange  b e tw een  th e  o u t e r  e l e c t r o n s  and 
th e  c o r e .  However, t h i s  was i n c l u d e d  by  Watson i n  o b t a i n i n g  
t h e  HP f u n c t i o n s  and i t  would n o t  a f f e c t  t h e  e n e r g y  l e v e l s  
u n t i l  t h e  c o r r e l a t i o n  f u n c t i o n  i s  i n t r o d u c e d .  I n  t h i s  work 
th e  a n t i s y m m e t r i c  t w o - e l e c t r o n  f u n c t i o n  was s i n g l y  m u l t i p l i e d  
by  t h e  sym m etr ic  c o r r e l a t i o n  f u n c t i o n ,  t h u s  l e a v i n g  th e  
symmetry unchanged .  As a c o n se q u e n c e ,  t h e  c e n t r a l  f i e l d  i n  
w hich  t h e  o u t e r  e l e c t r o n s  "move" i s  u n a f f e c t e d  by t h e  c o r r e l a ­
t i o n  f u n c t i o n .  T h is  i n t r o d u c e s  an  a p p r o x i m a t i o n  s i n c e  th e  
c e n t r a l  f i e l d  i s  p a r t i a l l y  d e te r m i n e d  i n  t h e  H a r t r e e - P o c k  
f o r m u l a t i o n  by  one o f  t h e  o u t e r - e l e c t r o n  o r b i t a l s  which  i s  
b e i n g  c o r r e l a t e d .  To remove t h i s  a p p r o x i m a t i o n  t h e  two 3 d -  
o r b i t a l s  sh o u ld  be c o r r e l a t e d  f i r s t  and t h e  r e s u l t i n g  f u n c ­
t i o n  a n t i s y m m e t r i z e d  a g a i n .  T h is  would p r o p e r l y  c o r r e c t  t h e  
co re  p o t e n t i a l  b u t  a t  t h e  exp en se  o f  i n t r o d u c i n g  an  enormous 
number o f  t h r e e - e l e c t r o n  i n t e g r a l s  i n t o  t h e  c a l c u l a t i o n .  
A l th o u g h  S z a sz  has  d e v i s e d  a  method f o r  e v a l u a t i n g  such  
i n t e g r a l s  (1 3 ) ,  t h e  i n c r e a s e d  d i f f i c u l t y  d e f e a t s  p a r t  o f  t h e  
o b j e c t i v e s  o f  t h i s  work.  At f i r s t ,  i t  was b e l i e v e d  t h a t  t h i s  
a l t e r a t i o n  i n  t h e  c o re  would p ro du ce  a s m a l l  e f f e c t ,  p e r h a p s
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o f  t h e  o r d e r  o f  t h e  s p i n  p o l a r i z a t i o n  d e s c r i b e d  by Watson 
and Freeman and r e f e r r e d  t o  i n  t h e  above p a r a g r a p h .  I n  f a c t ,  
i f  c o r r e l a t e d  wave f u n c t i o n s  a r e  t o  be u se d  i n  a  s t u d y  o f  
t h e  m a g n e t i c  p r o p e r t i e s  t h e  above a p p r o x i m a t i o n  s h o u ld  n o t  
be u s e d .  I t  i s  d i f f i c u l t  t o  even  e s t i m a t e  i t s  e f f e c t  and 
c o u ld  in d e e d  a c c o u n t  f o r  a  l a r g e  p a r t  o f  t h e  o v e r - c o r r e c t i o n  
h e r e .
One o t h e r  c o n s i d e r a t i o n  which  b e lo n g s  t o  t h i s  work 
i s  t h e  c h o ic e  o f  t h e  c o r r e l a t i o n  f u n c t i o n .  I t  was d e s i r e d  
t o  u s e  a f u n c t i o n  w hich  i n t r o d u c e s  t h e  r e l a t i v e  e l e c t r o n i c
c o o r d i n a t e .  T here  a r e  many su c h  f u n c t i o n s  which do t h i s ,
2 2 f o r  exam p le ,  1 + c r  , 1 + c ( r ,  -  r _ )  , and 1 + c cos uu12 ^
where (u i s  t h e  a n g l e  be tw een  r a d i u s  v e c t o r s  o f  t h e  two e l e c ­
t r o n s .  The second  o f  t h e s e  i n t r o d u c e s  p u re  r a d i a l  c o r r e l a ­
t i o n  v e r y  s i m i l a r  t o  t h e  r a d i a l  p a r t  o f  t h e  f i r s t  one .  The 
c a l c u l a t i o n  was c a r r i e d  th r o u g h  f o r  th e  h y d ro g e n ic  model 
u s i n g  t h i s  f u n c t i o n  and  i t  p ro d u ce d  v e r y  l i t t l e  change i n  
t h e  e n e r g y  l e v e l s .  The l a s t  f u n c t i o n  i n t r o d u c e s  p u r e  a n g u l a r  
c o r r e l a t i o n .  The p ro b le m  was f o r m u l a t e d  f o r  t h i s  f u n c t i o n  
a l s o  b u t  t h e  c a l c u l a t i o n  was n o t  c a r r i e d  o u t  s i n c e  i t  was 
a l r e a d y  known t h a t  1 + c r^ ^  p r o d u c e s  much s i m p l e r  m a t r i x
e l e m e n t s  and t h e r e  was no a p r i o r i  r e a s o n  f o r  f a v o r i n g  cos  w
2
o v e r  r ^ g .  Very  s i m i l a r  p rob lem s  a r i s e  w i t h  1 + c r^ ^  s i n c e  
t h e  a n g u l a r  p a r t  o f  t h i s  f u n c t i o n  i s  a l s o  p r o p o r t i o n a l  t o  
cos  (1). F u r t h e r m o r e ,  cos  m has  no d i a g o n a l  e l e m e n t s  f o r  any 
o f  t h e  m u l t i p l e t  l e v e l s  so  i t  c o u ld  n e v e r  p roduce  an  e f f e c t
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s i m i l a r  t o  c o n f i g u r a t i o n  i n t e r a c t i o n  a s  does  1 + c r  . These
12
c o n s i d e r a t i o n s  made i t  seem r e a s o n a b l e  t o  use  t h e  l a t t e r  
f u n c t i o n .
I n  u s i n g  1 + c r ^ g ,  t h e  t a c i t  a s s u m p t io n  i s  b e in g  made
t h a t  t h i s  i s  t h e  o n l y  typ e  o f  c o r r e l a t i o n  t h a t  e x i s t s  when,
i n d e e d ,  t h e r e  may be  o t h e r  t y p e s  c o - e x i s t i n g  w i t h  i t .  J u d g in g
from  th e  s i z e  o f  t h e  c o r r e l a t i o n  c o e f f i c i e n t  t h e  r ^ ^ - t y p e
becomes more p r o m in e n t  w i t h  i n c r e a s i n g  e n e r g y  w hich  i m p l i e s
t h a t  a l l  t h e  o t h e r  t y p e s  become l e s s  p r o m i n e n t . I f  t h i s  i s
3
t h e  case  t h e  o t h e r  t y p e s  would s u p p r e s s  t h e  P l e v e l  a l i t t l e  
more t h u s  d e c r e a s i n g  t h e  o v e r - c o r r e c t i o n .  T h is  i s  p u r e l y  
c o n j e c t u r e  b u t  i t  seems t o  have some m e r i t .
I n  c o n c l u s i o n ,  i t  i s  s t i l l  f e l t  t h a t  s p a t i a l  c o r r e l a ­
t i o n  i s  an  e f f e c t i v e  way o f  t r e a t i n g  t h e  m a n y - e l e c t r o n  a tom. 
The m a jo r  u n s o lv e d  p ro b lem  i s  s t i l l  t h e  c h o ic e  o f  t h e  c o r r e l a ­
t i o n  f u n c t i o n  and t h e  p r o p e r  way t o  i n c l u d e  i t  w h i l e  s t i l l  
r e t a i n i n g  a d e g re e  o f  s i m p l i c i t y  w h ich  a p p e a r s  t o  be  s e v e r a l  
o r d e r s  o f  m agni tude  g r e a t e r  t h a n  c o n f i g u r a t i o n  i n t e r a c t i o n .
I t  i s  w o r th  p o i n t i n g  o u t  a g a i n  t h a t  1 + c r^^  i s  r o u g h l y  
e q u i v a l e n t  t o  u s i n g  two o r  t h r e e  h i g h e r  c o n f i g u r a t i o n s  b u t  
t h e  symmetry p ro b lem s  a r e  r e d u c ed  c o n s i d e r a b l y ,  m a in ly  b e ­
cause  r ,  p ha s  t h e  same a n g u l a r  dep end en ce  a s  —̂  and th e
^12
symmetry c o n s i d e r a t i o n s  f o r  t h i s  o p e r a t o r  w i t h i n  a s i n g l e  
c o n f i g u r a t i o n  a r e  w e l l  known.
PART I I .  MAGNETIC PROPERTIES OP VgO^
CHAPTER VI 
INTRODUCTION
R ecen t  t h e o r e t i c a l  and e x p e r i m e n t a l  work on In
corundum has  p r o v id e d  much I n f o r m a t i o n  a b o u t  t h e  m ag n e t ic  
p r o p e r t i e s  o f  th e  t r a n s i t i o n  e le m e n t  I o n  and th e  c r y s t a l l i n e  
p r o p e r t i e s  o f  th e  Al^O^ s t r u c t u r e  ( 1 9 ) .  T h is  work was b a s e d  
on t h e  p r o p e r t i e s  o f  s i n g l e  c r y s t a l s  h a v in g  h i g h  m ag n e t ic  
d i l u t i o n  so t h a t  t h e  n e a r e s t  c a t i o n  n e ig h b o r s  t o  t h e  vanadium 
Io n  were aluminum which  a r e  known t o  be d i a m a g n e t i c  (3 3 ) .  
T hus ,  AlgO^ a c t s  m ere ly  a s  a h o s t  c r y s t a l ,  p r o v i d i n g  o n ly  an 
e l e c t r o s t a t i c  f i e l d  a t  t h e  p o s i t i o n  o f  t h e  m agn e t ic  I o n .  I n  
p u re  V O  th e  s i t u a t i o n  I s  q u i t e  d i f f e r e n t .  A l though  th e  
c r y s t a l  s t r u c t u r e  I s  s t i l l  t h e  c o ru n d u h - ty p e  ( 2 4 ) ,  a t  l e a s t  
I n  t h e  p a ra m a g n e t i c  r e g i o n ,  th e  n e a r e s t  c a t i o n  n e ig h b o r s  a r e  
now vanadium and th e  I o n i c  exchange I n t e r a c t i o n s  must be I n ­
c lu d e d .  Some e x p e r i m e n t a l  work has  b e e n  done on p u re  VgOg 
(2 1 ) ,  (2 0 ) which shows t h a t  t h e  m ag n e t ic  s u s c e p t i b i l i t y  
u n d e rg o e s  two t r a n s i t i o n s  o f  q u i t e  d i f f e r e n t  c h a r a c t e r .  The 
f i r s t  o f  t h e s e  o c c u r s  a ro u n d  l 68°K and I s  a c o o p e r a t i v e  
t r a n s i t i o n  s i n c e  th e  c r y s t a l  symmetry I s  a p p a r e n t l y  low ered
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t o  m o n o c l i n ic  a s  t h e  t e m p e r a t u r e  I s  d e c r e a s e d  th r o u g h  l 6 8 °K 
( 2 4 ) .  The e l e c t r i c a l  c o n d u c t i v i t y  a l s o  i n d i c a t e s  a m e t a l l i c  
t o  s e m ic o n d u c t in g  t r a n s i t i o n  a s  t h e  t e m p e r a t u r e  i s  lo w e re d  
t h r o u g h  t h i s  p o i n t  (2 9 ) .  Upon r a i s i n g  t h e  t e m p e r a t u r e  t h r o u g h  
t h i s  p o i n t  t h e  c r y s t a l  was found t o  c rum ble  i n t o  s m a l l  p i e c e s  
(3 6 ) .  The second  t r a n s i t i o n  o c c u r s  o v e r  a t e m p e r a t u r e  r a n g e  
from  a b o u t  390®K t o  a b o u t  500*K. A c co rd in g  t o  Qoodenough 
(24) t h i s  i s  a n o n - c o o p e r a t i v e  t r a n s i t i o n  s i n c e  i t  p r o d u c e s  
no change i n  t h e  c r y s t a l  symmetry. The s u s c e p t i b i l i t y  o v e r  
t h i s  t e m p e r a t u r e  r a n g e  i s  c o n s t a n t .  M oreover ,  t h e  C u r i e -  
W eiss  law i s  n o t  obeyed  o v e r  any t e m p e r a t u r e  r a n g e .  None o f  
t h e s e  c h a r a c t e r i s t i c s  i s  o b se rv e d  i n  t h e  d i l u t e  c r y s t a l  and 
i t  i s  i n f e r r e d  t h a t  i f  t h e  exchange  i n t e r a c t i o n  were  p r o p e r l y  
i n c l u d e d  t h e y  would a c c o u n t  f o r  t h i s  anaraolous b e h a v i o r .
The p r e s e n t  t h e o r y  a p p l i e s  t o  t e m p e r a t u r e s  above 170®K and 
t h e  exchange  i n t e r a c t i o n s  a r e  i n c l u d e d  i n  a p u r e l y  p h e n ­
o m e n o lo g ic a l  manner w i t h  some p a r a m e t e r s  t o  be a d j u s t e d  by  
f i t t i n g  t h e  t h e o r y  t o  t h e  e x p e r i m e n t a l  d a t a .  The t h e o r y  d o e s  
n o t  p r e d i c t  e i t h e r  o f  th e  t r a n s i t i o n s  and  must  be r e g a r d e d  
a s  a  c o r r e c t i o n  t o  t h e  C u r ie -W e is s  law o v e r  t h e  s e p a r a t e  
t e m p e r a t u r e  r a n g e s  o f  170°K t o  370°K a n d  500®K t o  a b o u t  700°K.
The o n e - i o n  a p p r o x i m a t i o n  i s  a d o p te d  h e re  a s  i n  t h e  
c a se  o f  t h e  d i l u t e  c r y s t a l .  The H a m i l t o n ia n  i s  t h e n  t h e  same 
w i t h  t h e  a d d i t i o n  o f  t h e  exchange  t e r m .  F u r t h e r m o r e ,  t h e  
g round  c o n f i g u r a t i o n  o f  i s  (3d ) ^  and  t h e  u s u a l  a p p r o x i ­
m a t io n  o f  a  t w o - e l e c t r o n  sy s te m  moving i n  t h e  f i e l d  o f  a
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s h i e l d e d  n u c le u s  w i l l  be made. The H a m i l to n ia n  can  th e n  be 
w r i t t e n  a s
H - «1 + %  + (*^>12) + + «3-0 + + 25).;
(6 .1 )
The v a r i o u s  t e rm s  i n  ( 6 .1 )  have t h e  f o l l o w i n g  m eaning .
p p
H = - (h /2m )9  + U ( r ^ ) : o n e - e l e c t r o n  H a m i l to n ia n
^ w i t h  c e n t r a l  f i e l d  p o t e n t i a l
n ( r i ) .
( e ^ / r n g ) :  e l e c t r o s t a t i c  e n e r g y  o p e r a t o r  be tw een  th e
two e l e c t r o n s .
V : p o t e n t i a l  e n e rg y  f o r  th e  c u b ic  e l e c t r o s t a t i c
° f i e l d .
V^: p o t e n t i a l  e n e r g y  f o r  th e  t r i g o n a l  e l e c t r o s t a t i c
f i e l d .
H^ s p i n - o r b i t  i n t e r a c t i o n  e n e r g y .
H : i o n i c  exchange  i n t e r a c t i o n  e n e r g y .
|j (L + 2S) '% :  i n t e r a c t i o n  w i t h  e x t e r n a l  m ag ne t ic
f i e l d  where  i s  t h e  B o h r  magneton.
p
I t  i s  w e l l  known t h a t  i n  a  (d) c o n f i g u r a t i o n  t h e  
e l e c t r o s t a t i c  e n e r g y  o p e r a t o r  p r o d u c e s  t h e  m u l t i p l e t  te rm s 
^0,  i n  o r d e r  o f  i n c r e a s i n g  e n e r g y .  Taking 
th e  f i r s t  t h r e e  t e rm s  i n  ( 6 .1 )  a s  t h e  u n p e r t u r b e d  H a m i l to n ia n  
Ĥ  t h e  e i g e n f u n c t i o n s  become t h e  u s u a l  C lebsch -G o rd a n  com­
b i n a t i o n  o f  o n e - e l e c t r o n  o r b i t a l s .  These a r e  t a b u l a t e d  i n  
R e f e r e n c e  32 f o r  t h e  and t e r m s .  T h is  p r o v i d e s  a  s t a r t ­
in g  p o i n t  f o r  a  s u c c e s s i v e  p e r t u r b a t i o n  t r e a t m e n t  o f  th e  
r e m a in in g  te rm s  i n  t h e  H a m i l to n ia n .
CHAPTER VII
THE CRYSTAL FIELD
The Cubic  F i e l d  
W ith  Hq t a k e n  a s  t h e  f i r s t  t h r e e  t e rm s  i n  ( 6 .1 )  t h e  
n e x t  p e r t u r b a t i o n  t e r m  a r i s e s  from t h e  c u b ic  p o r t i o n  o f  t h e  
c r y s t a l l i n e  e l e c t r o s t a t i c  f i e l d .  P re sum ab ly  t h e  same f i e l d  
a c t s  on e a c h  o f  th e  two e l e c t r o n s  so t h a t
V. = I (Vo)i  ( 7 . 1 )
i = l ,2
As i n  t h e  c a se  o f  corundum i t  w i l l  be  assumed t h a t  t h e  c u b ic
f i e l d  h a s  o c t a h e d r a l  symmetry so t h a t  (V^)^ can be expanded
a b o u t  t h e  t r i g o n a l  a x i s  a s  ( l 8 )
( 7 c ) l  -  *4 [7 4 , 3 (61 , <Pi)
-  Y 4 , _ 3 ( 8 i ' * i ) ] )  • ( 7 . 2 )
The o p e r a t o r  (7 .2 )  b e lo n g s  t o  th e  symmetry g rou p  and i t  
i s  found  f rom  group  t h e o r y  t h a t  such  a n  o p e r a t o r  w i l l  
p a r t i a l l y  remove t h e  (2L + l ) - o r b i t a l  d e g e n e r a c y  o f  th e  
R u ss e 11- S a u n d e r s  m u l t i p l e t s  o f  Hq . S p e c i f i c a l l y ,  i t  i s
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found t h a t  th e  v a r i o u s  te rm s decompose i n  th e  f o l l o w i n g  way:
3p _ 3^^ + 3rp  ̂ +
3p -, 3gi
1
^0 -  
-  ^A^
S in c e  g roup  t h e o r y  does  n o t  p r e d i c t  t h e  o r d e r  o f  t h e  c u b ic
f i e l d  l e v e l s  t h i s  must be o b t a i n e d  from o t h e r  s o u r c e s .  One
p o s s i b l e  so u rc e  f o r  o b t a i n i n g  t h i s  i n f o r m a t i o n  i s  f rom  th e
o p t i c a l  sp e c t ru m .  D. S. McClure has  a n a l y z e d  t h e  sp e c t ru m
f o r  V^"*^-doped corundum and h i s  r e s u l t s  a r e  shown i n  t h e
d iag ra m  o f  P ig .  1 (2 8 ) .  However, a d i f f i c u l t y  a r i s e s  w i th
VgO^. T h is  c r y s t a l  has  a b l a c k  c o l o r  and a p p a r e n t l y  i s
opaque t o  any o p t i c a l  a b s o r p t i o n .  T h e r e f o r e ,  i t  can  o n ly
be assumed t h a t  the  e n e r g y  d iag ra m  i n  i s  t h e  same a s  i n
th e  doped-corundum c r y s t a l .
F o r  th e  m a g n e t i c s  p rob lem  o n l y  th e  two t r i p l e t  terms
need be c o n s i d e r e d .  The 3p te rm  must be c o n s i d e r e d  s i n c e  i t
has  t h e  same symmetry a s  one o f  t h e  symmetry components  o f
P and one can e x p e c t  m a t r ix  e l e m e n t s  o f  c o n n e c t i n g  t h e s e
■a
two l e v e l s .  T h is  w i l l  cause  some m ix ing  be tw een  t h e  P and 
3p wave f u n c t i o n s .  A f i r s t - o r d e r  d e g e n e r a t e  p e r t u r b a t i o n  may 
now be pe r fo rm ed  t o  o b t a i n  t h e  e n e r g y  o f  e a c h  l e v e l  i n  te rm s  
o f  t h e  c u b ic  f i e l d  p a r a m e t e r  d e f i n e d  a s
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Figure 1. Energy Levels of V In a Trigonal F ield.
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•3
When t h i s  i s  done I t  i s  found t h a t  i n  t h e  P - m a n i f o l d  t h e  
s e c u l a r  e q u a t i o n  c o n t a i n s  one 3 x 3  b l o c k  and two 2 x 2  
b l o c k s  which  can  be d i a g o n a l i z e d  e x a c t l y .  The m a t r i x  e l e ­
ments  a r e  g i v e n  i n  T a b le  V I I I .  I n  f i r s t - o r d e r ,  a l l  m a t r i x  
e l e m e n t s  o f  i n  t h e  ^ P - m a n i f o ld  v a n i s h .  Upon s o l v i n g  t h e
s e c u l a r  e q u a t i o n  t h e  e n e r g y  e i g e n v a l u e s  a s s o c i a t e d  w i t h  t h e
3
v a r i o u s  symmetry components  o f  P a r e  found  t o  be
3t ^ (3 p ) 
^Tg(3p)
-  93 , 3 - f o l d  o r b i t a l  d e g e n e ra c y  
33 , 3 - f o l d  o r b i t a l  d e g e n e r a c y  
l8p  , no o r b i t a l  d e g e n e r a c y .
TABLE V I I I .  MATRIX ELEMENTS OP V^ IN PREE-ION
REPRESENTATION FOR 3p.&
Ml 0 3 -3 1 - 2 - 1  2
0 6 - 3 ( 1 0 ) * 3 ( 1 0 ) *
3 - 3 ( l O ) i 3 0
-3 3 ( 1 0 )* 0 3
1 1 2 ( 5 ) *
-2 2 ( 5 ) *  -7
-1 1 - 2 ( 5 ) *
2 - 2 ( 5 ) *  -7
*The f r e e - i o n  ML-value i s  g i v e n  a lo n g  t h e  t o p  and 
s i d e .  Mg = 1. The m a t r i x  e l e m e n t s  a r e  g i v e n  i n  u n i t s  o f  t h e  
c u b ic  f i e l d  p a r a m e t e r  d e f i n e d  i n  ( 7 . 3 ) .
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The u n i t a r y  t r a n s f o r m a t i o n  w hich  g i v e s  t h e  p r o p e r  
l i n e a r  c o m b in a t io n  o f  f r e e - i o n  wave f u n c t i o n s  i n  t h e  c u b ic  
f i e l d  r e p r e s e n t a t i o n  i s  e x p r e s s e d  a s
*k -  I  &kl *1 '  A-1 HA .  E ( 7 .4 )
i
where  a r e  t h e  f r e e - i o n  f u n c t i o n s .  The c u b ic  f i e l d  f u n c ­
t i o n s  a r e  g i v e n  i n  T ab le  IX.
The 3p_3p m ix ing  i s  o b t a i n e d  by  s o l v i n g  t h e  6 x 6  
s e c u l a r  e q u a t i o n  r e s u l t i n g  from m a t r ix  e l e m e n t s  o f  be tw een  
t h e  two ^T^ l e v e l s .  The e q u a t i o n  f a c t o r s  i n t o  t h r e e  i d e n t i c a l  
2 x 2  b l o c k s  w i t h  m a t r ix  e le m e n t s
(3p (3t ^) |V o |3 p (3T ^))  = Ap
( ^ P ( \ )  1Vq 13p (3t ^ ) )  = -  6P ( 7 .5 )
(3p (3t ^) IVc P p Ĉ t ^ ) )  = -  90 .
Where Ap i s  th e  e n e r g y  s e p a r a t i o n  b e tw een  t h e  3p and  ^p f r e e -  
i o n  l e v e l s  and i s  e x p r e s s e d  i n  t e rm s  o f  t h e  S l a t e r - C o n d o n  
p a r a m e t e r s  as
Ap = 15 Pg -  75 . ( 7 .6 )
S o l v i n g  t h e  2 x 2  s e c u l a r  e q u a t i o n  one o b t a i n s  t h e  f o l l o w i n g
e n e r g y  e i g e n v a l u e s :
E [3 p (3t ^ ) ]  = 1  (Ap -  9P) + 5- [(Ap + 96)2 ^  ^
( 7 .7 )
E [^ P ( ^ T ^ ) ]  = ^  (Ap -  96) -  ^  [(Ap + 96)2 ^  ^
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TABLE IX . CUBIC FIELD FUNCTIONS OF ^F AND
3f
Y(^T^,- ,Mg) = -  [ 4 ( 3 F , - l ,M g )  + (5)^* (^P ,2 ,M g) ] / ( 6 ) ^
Y(3Ti,0 ,M3) = 1  (2*(3F ,0 ,M g) + ( 5 / 2 ) ^ [ K ^ . 3 , M g )
Y ( \ , + , M s )  = -  [ $ ( 3 F , l ,M s )  -  ( 5 ) i + ( 3 p , - 2 , M s ) ] / ( 6 ) *
Y(3Tg,+,Mg) = [ ( 5 ) 4 ^ ( 3 F , l , M g )  + ♦ -2 ,Mg) ] / ( 6 ) ^
Y(3t2,0 ,M s ) = [*(3p^3,Mg) + K ^ P . - 3 , M s ) ] / ( 2 ) ^  
Y ( 3 T g , - , M g )  = [ ( 5 ) i * ( 3 F , - l , M g )  -  * ( 3 F , 2 , M g ) ] / ( 6 ) i
^Ag: Y(3a2,Ms ) = j  ( ( 5 ) * t ( 3 F , 0 , M s )  -  ( 2 ) * t t ( ^ P ,3 , M g )
-  t ( 3 p , - 3 , M g ) ] )
3p
3 ? l :  Y ( \ , + , M s ) = * (3 p , l ,M g )
Y(3Ti,0 ,Mg) = *(3p ,0 ,Mg)
Y(3t ^ , - , M s ) = * ( 3 p , - l , M g )
^The n o t a t i o n  * r e f e r s  t o  t h e  a to m ic  wave f u n c t i o n s  
o f  The f i r s t  symbol I n s i d e  t h e  p a r e n t h e s i s  s i g n i f i e s
t h e  v a l u e s  o f  3 and L,  th e  second g i v e s  and t h e  l a s t .  Mg. 
The c u b i c - f i e l d  f u n c t i o n s  a r e  d e n o te d  by Y w i t h  t h e  f i r s t  
symbol I n s i d e  t h e  p a r e n t h e s i s  f o r  t h e  symmetry p r o p e r t i e s  and 
t h e  second  a s  an  Index  o f  t h e  components  o f  th e  d e g e n e r a t e  
s t a t e s .  The f r e e - i o n  f u n c t i o n s  t  a r e  c o n s t r u c t e d  f rom  l i n e a r  
c o m b in a t io n s  o f  t h e  p r o d u c t s  o f  o n e - e l e c t r o n  d o r b i t a l s .  The 
Clebsch-Gtordan c o e f f i c i e n t s  a r e  t a k e n  t o  be t h o s e  g i v e n  I n  
Condon and S h o r t l e y .
^ T h l s  t a b l e  t a k e n  from Brumage, e t  a l . .  R e f .  19.
6l
The e i g e n f u n c t i o n s  may a l s o  be o b t a i n e d  from t h e  p r o p e r  
u n i t a r y  t r a n s f o r m a t i o n  b u t  t h e  m ix ing  c o e f f i c i e n t s  t u r n  o u t  
t o  be v e r y  c o m p l i c a t e d  f u n c t i o n s  o f  3 and t h e  e i g e n v a l u e s  
. (7*7)•  S in c e  t h e s e  c o e f f i c i e n t s  a r e  t r e a t e d  a s  p a r a m e t e r s  
anyway t h e y  w i l l  be d e s i g n a t e d  s y m b o l i c a l l y  by  s im p ly  w r i t i n g
c p [ ^ P ( 3 t ^ ) ]  = a i ? [ 3 p ( 3 T i ) ]  + a g Y C ^ P f ^ T i ) ]  ,
9 9 q o ■ a q  ( 7 .8 )9[ P( T^)] = a^YC^PC^T^)] - a2Y[3p(3T^)] .
F o r  V^^^-doped corundum a^ and ag a r e  t a k e n  t o  be (19)
= 0 .9 5 9 ,  ag = 0 .2 8 5  . ( 7 .9 )
These  same v a l u e s  w i l l  be u s e d  f o r  VgO^, s i n c e  t h e  m a g n e t i c  
s u s c e p t i b i l i t y  was found  t o  be p r a c t i c a l l y  u n a f f e c t e d  by a 
sm a l l  v a r i a t i o n  i n  a^  and ag a t  t h e  t e m p e r a t u r e s  o f  i n t e r e s t  
h e r e ,
T h is  t r e a t m e n t  o f  t h e  c u b ic  f i e l d  has  b e e n  g i v e n  f o r
t h e  p u rp o se  o f  d e v e l o p in g  c e r t a i n  p a r a m e t e r s  w h ich  a p p e a r  i n
th e  s u s c e p t i b i l i t y  e x p r e s s i o n s .  In  t h e  a b se n c e  o f  any  o p t i c a l
d a t a  f o r  t h e  e n e r g y  d i f f e r e n c e s  and mixing  c o e f f i c i e n t s
which  have b e en  d e v e lo p e d  t h u s  f a r  w i l l  be t a k e n  t o  be t h e
same a s  t h o s e  found  f o r  corundum. T h a t  i s ,  t h e  corundum
v a l u e s  f o r  a ^ ,  a g ,  and Aq ( se e  P i g .  l )  w i l l  be u s e d .  F o r
3+t h e  vanadium alum V(HgO)g , Hartman,  e t  a l . (25) found  Aq 
t o  be 12 ,4 0 0  cm“^ and  t h e  s p a c i n g  t o  be  2 6 ,2 0 0  cm“^.
The f i r s t  o f  t h e s e  r e p r e s e n t s  a d e c r e a s e  o f  a b o u t  28^ f rom  
i t s  corundum v a lu e  o f  17 ,400  cm~^ (2 8 ) ,  b u t  t h e  l a t t e r  i s
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v e r y  n e a r l y  t h e  same a s  i t s  corundum v a lu e  o f  2 5 ,2 0 0  cm“^.  
N e i t h e r  o f  t h e s e  r e p r e s e n t  u n r e a s o n a b l e  d e v i a t i o n s  f rom 
corundum and su c h  a n  a p p r o x i m a t i o n  i s  n o t  e x p e c t e d  t o  be any 
worse  f o r  pu re  V O .  T h i s  i s  d i s c u s s e d  more f u l l y  i n  C h a p te r  
XI where some r a t h e r  h e u r i s t i c  e v id e n c e  i s  g i v e n  t o  show t h a t  
su c h  a n  a p p r o x i m a t i o n  p ro d u c e s  v e r y  l i t t l e  e f f e c t  on t h e  
s u s c e p t i b i l i t y .  However, t h e r e  a r e  o t h e r  p a r a m e t e r s  which 
do a f f e c t  t h e  s u s c e p t i b i l i t y  c o n s i d e r a b l y .  One o f  t h e s e  i s  
t h e  s p l i t t i n g  o f  t h e  ^T^(^P)  l e v e l  by a t r i g o n a l  d i s t o r t i o n  
i n  t h e  c r y s t a l .  T h i s  t r i g o n a l - f i e l d  s p l i t t i n g  w i l l  be 
d e v e lo p e d  i n  t h e  n e x t  s e c t i o n .
The T r i g o n a l  F i e l d  
I n  t h e  doped-corundum  c r y s t a l  i t  was found  t h a t  many 
o f  t h e  o p t i c a l  and m a g n e t i c  p r o p e r t i e s  c o u ld  be a c c o u n te d  
f o r  by i n t r o d u c i n g  a s m a l l  t r i g o n a l  c o r r e c t i o n  t o  t h e  p r e ­
d o m in a n t ly  c u b ic  f i e l d .  There  i s  some e x p e r i m e n t a l  e v id e n c e  
f o r  su c h  a d i s t o r t i o n  i n  p u re  vanadium compounds p o s s e s s i n g  
t h e  same 0^ symmetry a s  AlgO^. T h i s  i s  e v i d e n t  f rom th e  
p a r a m a g n e t i c  d a t a  by  C a r r  and P o n e r  which  was t a k e n ' f r o m  
s i n g l e  c r y s t a l s  w i t h  t h e  e x t e r n a l  m agn e t ic  f i e l d  b o t h  
p a r a l l e l  and p e r p e n d i c u l a r  t o  th e  c - a x i s  ( 2 0 ) .  While  some 
a n i s o t r o p y  e x i s t s ,  i t  seems r a t h e r  s m a l l  compared w i t h  Al^O^ 
and i t  i s  known t h a t  t h e  t r i g o n a l  d i s t o r t i o n  i s  p r i m a r i l y  
r e s p o n s i b l e  f o r  t h i s ,  a t  l e a s t  i n  t h e  c r y s t a l  f i e l d  a p p r o x i ­
m a t io n .  A lso  c a l c u l a t i o n s  b a s e d  on d a t a  f o r  V(H20)^^ which 
h as  0^ symmetry i n d i c a t e  a l a r g e  t r i g o n a l  d i s t o r t i o n  (18 ) ,
(2 5 ) .
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The t r i g o n a l  e l e c t r o s t a t i c  f i e l d  may a l s o  be expanded 
I n  s p h e r i c a l  h a rm o n ics  a s
1=1 ,2   ̂ (7 . 1 0 )
T h is  p o t e n t i a l  f u n c t i o n  w hich  p o s s e s s e s  o n l y  a x i a l  symmetry 
can be r e g a r d e d  a s  a s m a l l  p e r t u r b a t i o n  t o  t h e  H a m i l to n ia n  
th r o u g h  Vç and f u r t h e r  l i f t i n g  o f  t h e  o r b i t a l  d e g e n e ra c y  o f  
t h e  c u b ic  l e v e l s  can  be a c c o m p l i sh e d  by  a n o t h e r  f i r s t - o r d e r  
d e g e n e r a t e  c a l c u l a t i o n .  The s p l i t t i n g  o f  t h e  c u b ic  l e v e l s  
I s  a g a i n  p r e d i c t e d  by  g rou p  t h e o r y  t o  be ( 1 9 )
^T^ -  ^Tg -  ^E + (7 . 11 )
w i t h  E, A^, and Ag unchanged .  T h is  s p l i t t i n g  I s  a l s o  shown 
I n  P i g .  1 f o r  t h e  doped-corundum  c r y s t a l .
A f i r s t - o r d e r  d e g e n e r a t e  p e r t u r b a t i o n  may now be p e r ­
formed t o  f i n d  th e  two e n e r g y  l e v e l s  o f  ^T^(^P)  I n  te rm s  o f  
th e  t r l g o n a l - f l e l d  p a r a m e t e r s  d e f i n e d  a s
T = -  (5/ t t ) ^  Bg < r ^ > / l4 0  ,
V = -  B° <r'‘> / l 4 ( ,T ) i  .
Using th e  mixed c u b l c - f l e l d  f u n c t i o n s  o f  (7 . 8 ) a s  a b a s i s
th e  3 x 3  s e c u l a r  e q u a t i o n  I s  found t o  be  d i a g o n a l .  The non-
v a n l s h l n g  m a t r i x  e l e m e n t s  a r e
(3jp(3t±) | y ^ | 3 p ( 3 ^ ) )  = a^ A + 2a^ag  B + a^ c ,  (7 .1 3 a )
(3f (3t ° )  |V t | 3 p ( 3 T ° ) )  = a^ D + 2a^ag E + a^ P,  (7 .13b)
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where
A = -  T -  1 7 y  ) B = -  8? -  3Y , C = -  1 4 t  ,
D = 2 t  +  13Y , E = 1 6 t -  8y , P = 28? ,
The b a s i s  f u n c t i o n s  a r e  s t i l l  t h e  c u b i c - f i e l d  f u n c t i o n s .  
E q u a t io n  (7 .1 3 a )  i s  e n e r g y  o f  th e  E t r i g o n a l  l e v e l  and i s
t w o - f o l d  d e g e n e r a t e  w h i l e  (7 . 13b)  i s  t h e  e n e rg y  o f  t h e  Ag
l e v e l  and i s  n o n - d e g e n e r a t e  ( o r b i t a l l y ) .  Prom t h e  work o f  
Brumage, e t  a l . t h e  t r i g o n a l  p a r a m e t e r s  were found t o  be (19)
T »  -  7 . 3  c m ' l ,  Y «  3 8 .5  cm ^ . (7 .1 5 )
These  a r e  e x p e c t e d  t o  change c o n s i d e r a b l y  f o r  VgO^.
A q u a n t i t y  w hich  i s  i m p o r t a n t  i n  t h e  s u s c e p t i b i l i t y  
t h e o r y  i s  t h e  e n e r g y  d i f f e r e n c e  be tw een  t h e  two t r i g o n a l  
l e v e l s  o f  ^ T ^ (^ P ) .  T h is  t r i g o n a l - f i e l d  s p l i t t i n g  i s  e x ­
p r e s s e d  i n  t e rm s  o f  t h e  t r i g o n a l  p a r a m e t e r s  and m ix ing  c o e f ­
f i c i e n t s  a s
A? = -  a^(3T + 30y) -  2aj^ag(24T -  5y) -  Sg 4 2 t . ( 7 .1 6 )
A? i s  a p o s i t i v e  q u a n t i t y  f o r  VgO^zAlgOy s i n c e  a^ i s  much 
l a r g e r  t h a n  ag and b o t h  t r i g o n a l  p a r a m e t e r s  a r e  found  t o  be 
n e g a t i v e .  T h is  means t h a t  l i e s  h i g h e r  t h a n  ^Ag and  th e  
same r e s u l t  i s  e x p e c t e d  t o  h o ld  f o r  p u r e  .
CHAPTER V III
SPIN-ORBIT, EXCHANGE, AND MAGNETIC FIELD INTERACTIONS
The r e m a in in g  te rm s  I n  t h e  H a m i l to n ia n  ( 6 .1 )  r e p r e s e n t
m a g n e t i c  e f f e c t s ,  H r e p r e s e n t s  an  I n t r a l o n l c  m ag n e t ic
s —o
I n t e r a c t i o n  be tw een  t h e  s p i n  and o r b i t  o f  e a c h  e l e c t r o n ,  H^^ 
r e p r e s e n t s  an  I n t e r l o n l c  I n t e r a c t i o n  a s s o c i a t e d  w i t h  e x ­
change e f f e c t s ,  and th e  l a s t  t e r m  I s  t h e  I n t e r a c t i o n  o f  t h e  
c a t i o n  w i t h  an  e x t e r n a l  m a g n e t ic  f i e l d .  A l l  o f  t h e s e  w i l l  
be combined I n t o  a s i n g l e  p e r t u r b a t i o n  c a l c u l a t i o n  f o r  f i n d i n g  
t h e  e n e r g y  b u t  f i r s t  e a c h  o p e r a t o r  w i l l  be d i s c u s s e d  
s e p a r a t e l y ,
S p l n - O r b l t  I n t e r a c t i o n  
The I n t e r a c t i o n  be tw een  t h e  s p i n  a n g u l a r  momentum 
and o r b i t a l  a n g u l a r  momentum f o r  two e q u i v a l e n t  d - e l e c t r o n s  
I s
“ s - o  °  + t g - S j )  . ( 8 .1 )
T h i s  can  be w r i t t e n  a s  (32)
Hg_o = ^  5 [  (^2  + ^ g )  • ( S i  + Sg)  + (l-̂  -  t g )  • ( s j  -  s g )  ] .
(8 .2 )
Prom t h e  d e f i n i t i o n  o f  a n g u l a r  momentum I t  I s  a p p a r e n t  t h a t
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—♦ —♦ —* -# —*
L = '  S = 8^ + 82 ' (8 . 3 )
—• -*
I n  (8 . 3 ) ,  L and S i s  t h e  u s u a l  R u s s e 1 1 -S a u n d e r s  n o t a t i o n  f o r  
t o t a l  o r b i t a l  and  s p i n  a n g u l a r  momentum, r e s p e c t i v e l y .  H3 -0
can  now be  w r i t t e n  a s
Hg_Q = XL-S + X[ - ^2 ) “ (s^ -  S g ) ]  , X = | -  5 . ( 8 .4 )
The f i r s t  t e rm  i s  t h e  s p i n - o r b i t  i n t e r a c t i o n  e x p r e s s e d  i n
t h e  R u s s e 11- S a u n d e r s  c o u p l i n g  scheme and t h e  b r a c k e t  t e rm  i s
a measure  o f  t h e  d e v i a t i o n  f rom  L-S c o u p l i n g .  The b r a c k e t
t e rm  w i l l  c o n n e c t  l e v e l s  h a v in g  d i f f e r e n t  symmetry i n  t h e
R u s s e l l - S a u n d e r s  schem e. I t  i s  n o t  e x p e c t e d  t o  a f f e c t  t h e
p a r a m a g n e t i c  s u s c e p t i b i l i t y  a g r e a t  d e a l  s i n c e  most  o f  th e
c o n t r i b u t i o n  i s  f rom t h e  ^T^(^P)  l e v e l .  T h e r e f o r e ,  i t  w i l l
be n e g l e c t e d  and H w i l l  be t a k e n  a s
s - o
Hg_o = I L 'S  . ( 8 .5 )
I n  ( 8 . 4 ) ,  X i s  a f u n c t i o n  o f  t h e  r a d i a l  d i s t a n c e  and th e  
m a t r i x  e l e m e n t s  w i l l  a l l  c o n t a i n  t h i s  f u n c t i o n  a v e r a g e d  o v e r  
t h e  r a d i a l  e l e c t r o n i c  d i s t r i b u t i o n .  I t  w i l l  be  t a k e n  a s  à 
p a r a m e t e r  i n  what f o l l o w s .
Exchange I n t e r a c t i o n  
S in c e  t h e  n e i g h b o r i n g  c a t i o n s  i n  a r e  vanadium
some exchange  d e g e n e ra c y  e x i s t s  b e tw een  t h e s e  i o n s .  T h i s  
exchange  e f f e c t  g r e a t l y  a l t e r s  t h e  m a g n e t ic  s u s c e p t i b i l i t y  
and w i l l  be i n t r o d u c e d  h e re  i n  a  p u r e l y  p h e n o m e n o lo g ic a l
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manner.  The mechanism f o r  t h i s  I n t e r a c t i o n  I s  t h e  same a s  
I n  many o t h e r  m ag n e t ic  s e s q u l o x l d e s  h av in g  t h e  corundum 
s t r u c t u r e  (2 4 ) .  I t  I s  r e l a t e d  t o  t h e  e x t e n t  and manner o f  
t h e  o v e r l a p  o f  th e  e l e c t r o n i c  d i s t r i b u t i o n s  c e n t e r e d  on th e  
d i f f e r e n t  c a t i o n s .  The t o t a l  exchange  I n t e r a c t i o n  I s  g e n ­
e r a l l y  t h e  sum o f  two d i s t i n c t l y  d i f f e r e n t  t y p e s  o f  I n t e r ­
a c t i o n s ,  t h e  s t r e n g t h  o f  e a c h  ty p e  b e in g  r e l a t e d  t o  th e  type  
o f  c r y s t a l  symmetry and g eo m e try  and t o  t h e  number o f  o u t e r  
d - e l e c t r o n s  a s s o c i a t e d  w i t h  e a c h  c a t i o n  ( 2 3 ) .  The c a t l o n -  
c a t l o n  I n t e r a c t i o n s  a r i s e  f rom  t h e  d i r e c t  o v e r l a p  o f  the  d -  
e l e c t r o n  wave f u n c t i o n s .  I n  t h e  corundum s t r u c t u r e ,  two 
c a s e s  a r e  d i s t i n g u i s h a b l e s  t h e  I n t e r a c t i o n  b e tw een  c - a x l s  
p a i r s  o f  c a t i o n s  which  s h a r e  a common a n i o n  o c t a h e d r a l  edge .  
The o t h e r  type  o f  c o n t r i b u t i o n  t o  t h e  exchange  e f f e c t  I s  t h e  
c a t l o n - a n l o n - c a t l o n  I n t e r a c t i o n  I n  w hich  th e  d-wave f u n c t i o n s  
o v e r l a p  v i a  an a n io n  I n t e r m e d i a r y .  I n  t h e  corundum s t r u c t u r e  
t h e  I n t e r a c t i o n  be tw een  c - a x l s  p a i r s  I s  much s t r o n g e r  t h a n  
th e  o t h e r  two b u t  I n  t h i s  work no d i s t i n c t i o n  w i l l  be made 
and some s o r t  o f  a v e r a g e d  exchange  w i l l  be ded uced .
The H e isen b e rg  exchange  o p e r a t o r  I s  u s e d  f o r  t h e  e x ­
change I n t e r a c t i o n  be tw een  a  s i n g l e  c a t i o n  and a l l  o f  I t s  
n e i g h b o r s .  Thus,  f o r  a c a t i o n  whose s p i n  I s  t h e  I n t e r ­
a c t i o n  can  be w r i t t e n  a s
Hex =  S i  2 J  1 S j  . ( 8 . 6 )
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T h is  o p e r a t o r  assumes t h a t  a l l  t h e  c a t i o n s  a r e  e q u i v a l e n t  
and t h a t  J ,  t h e  exchange i n t e g r a l ,  i s  t h e  same f o r  e a c h .
The summation i s  e x te n d e d  o v e r  a l l  t h e  c a t i o n s  i n  t h e  c r y s t a l  
b u t  most o f  th e  c o n t r i b u t i o n  w i l l  come from t h e  f i r s t  n e a r e s t  
c a t i o n  n e ig h b o r s  and t h e r e  a r e  f i v e  o f  t h e s e  f o r  corundum.
F o r  i d e n t i c a l  c a t i o n s ,  t h i s  summation can be r e p l a c e d  by  th e  
number o f  n e a r e s t  n e ig h b o r s  t im e s  t h e  a v e ra g e  s p i n  p e r  c a t i o n .  
L e t t i n g  z be t h e  number o f  n e i g h b o r s ,  (8 . 6 ) can be a p p r o x i ­
mated by
= S»2Jz(S> s S -h  ( 8 .7 )
where t h e  s u b s c r i p t s  have been  d ropped  s i n c e  a l l  t h e  s p i n s  
a r e  th e  same and <S> i s  t h e  a v e r a g e  s p i n  p e r  c a t i o n .  The 
a v e r a g e  i s  t a k e n  o v e r  th e  Bol tzm an t e m p e r a t u r e  d i s t r i b u t i o n  
and w i l l  be d e te rm in e d  s e l f - c o n s i s t e n t l y  l a t e r .
An i n t e r n a l  m o le c u l a r  f i e l d  i s  now i n t r o d u c e d  which 
h as  a magni tude  o f  2 Jz  <S) and a d i r e c t i o n  w hich  i s  p a r a l l e l  
t o  th e  d i r e c t i o n  o f  an e x t e r n a l l y  a p p l i e d  m ag n e t ic  f i e l d .
T h is  sh o u ld  be th e  case  i f  one n e g l e c t s  such  t h i n g s  a s  a n ­
i s o t r o p i c  exchange and d e m a g n e t i z in g  f i e l d s  s i n c e  t h e  e x ­
t e r n a l  f i e l d  sh ou ld  cause  t h e  s p i n  t o  p r e c e s s  a b o u t  t h e  
d i r e c t i o n  o f  t h i s  a p p l i e d  f i e l d .  Thus,  f o r  an  e x t e r n a l  
f i e l d  i n  t h e  z - d i r e c t i o n  t h e  i n t e r n a l  f i e l d  h w i l l  s p l i t  e ach  
t r i p l e t  l e v e l  i n t o  t h r e e  components  a c c o r d i n g  t o  t h e  M3 - v a l u e .  
The s e l f - c o n s i s t e n t  d e t e r m i n a t i o n  o f  <S> w i l l  c au se  t h i s  e x ­
change s p l i t t i n g  to  depend on t e m p e r a t u r e . The q u a n t i t y  2 Jz  
w i l l  be t r e a t e d  a s  a p a r a m e t e r  t o  be d e te r m in e d  from
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e x p e r i m e n t a l  d a t a .  When t r e a t e d  t h i s  way, one can n o t  deduce  
how many n e ig h b o r s  p a r t i c i p a t e  i n  t h e  exchange  e f f e c t  n o r  
what k in d  o f  i n t e r a c t i o n s  c o n t r i b u t e  t o  t h e  exchange  I n t e g r a l ,
M agnet ic  F i e l d  I n t e r a c t i o n  
The l a s t  t e rm  i n  t h e  H a m i l to n ia n  ( 6 .1 )  i s  t h e  i n t e r ­
a c t i o n  be tw een  th e  s p i n  and o r b i t a l  m a g n e t i c  moments w i t h  an  
e x t e r n a l l y  a p p l i e d  m agne t ic  f i e l d  JJ. Such  an i n t e r a c t i o n  
depends  upon t h e  d i r e c t i o n  o f  t h e  e x t e r n a l  f i e l d  and t h e  two 
c a s e s  o f  M p a r a l l e l  t o  t h e  t r i g o n a l  a x i s  and p e r p e n d i c u l a r  
t o  t h i s  a x i s  w i l l  be worked o u t .  The i n t e r a c t i o n  can be 
w r i t t e n  i n  t e rm s  o f  th e  g - f a c t o r  a s s o c i a t e d  w i t h  s p i n  o n l y  
a s
H = Uo(L + gg S ) 'X  . ( 8 . 8 )
■3
The lo w e s t  t r i g o n a l  l e v e l ,  A^, i s  o r b i t a l l y  n o n - d e g e n e r a t e  
and i t s  a v e r a g e  o r b i t a l  a n g u l a r  momentum v a n i s h e s  i n  a f i r s t -  
o r d e r  t h e o r y .  T h i s  r e p r e s e n t s  t h e  q u e n ch in g  e f f e c t  o f  th e  
c r y s t a l  f i e l d .  T h a t  t o t a l  qu en ch ing  d o e s  n o t  o c c u r  i s  
e v i d e n t  f rom a s e c o n d - o r d e r  c a l c u l a t i o n  i n  which m a t r ix  
e l e m e n t s  o f  L*X a r e  found c o n n e c t i n g  d i f f e r e n t  o r b i t a l  l e v e l s  
i n  t h e  c r y s t a l  f i e l d .  T h is  d e v i a t i o n  f rom  t o t a l  q uench ing  
p ro d u c e s  an  e f f e c t i v e  g - v a l u e  which i s  s l i g h t l y  l e s s  t h a n  
th e  s p i n - o n l y  v a l u e  o f  2 .
The E nergy  M a t r ix  
The e i g e n v a l u e s  and e i g e n f u n c t i o n s  o f  t h e  H a m i l to n ia n  
m a t r ix  up t h r o u g h  t h e  t r i g o n a l  f i e l d  have a l r e a d y  been  fo u n d .
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T h e r e f o r e ,  t h i s  much o f  t h e  H a m i l to n ia n  may be r e g a r d e d  a s  
t h e  u n p e r t u r b e d  H a m i l to n ia n  H^ and a l l  t h e  o t h e r  t e rm s  a s  
t h e  p e r t u r b a t i o n .  Then
H = Hq + H' ( 8 .9 )
where
H' = XLrS + S ' h  + Uq (L + 2S) '%  . (8 .10 )
I n  (8 .1 0 )  t h e  s p i n - o r b i t  and exchange  i n t e r a c t i o n  have been  
i n t e r c h a n g e d  w hich  makes no d i f f e r e n c e  i n  a  s i n g l e  p e r t u r b a ­
t i o n  c a l c u l a t i o n .  H ' w i l l  be c a r r i e d  t h r o u g h  f i r s t -  and 
s e c o n d - o r d e r  u s i n g  a s  a r e p r e s e n t a t i o n  t h e  mixed c u b i c - f i e l d  
f u n c t i o n s  o f  T a b le  IX and  e q u a t i o n  ( 7 . 8 ) .  The s p i n  f u n c t i o n s  
a r e  t h e  u s u a l  ones  f o r  t r i p l e t  s t a t e s .
The e n e r g y  m a t r i x  i s  c o n s t r u c t e d  u s i n g  t h e  ^T^(^F)
3 3and T g ( P) c u b ic  f i e l d  f u n c t i o n s .  The m a t r i x  e l e m e n t s  a r e
g i v e n  i n  T ab le  X I n  t h i s  t a b l e  a ,  a ' ,  a "  a r e  r e l a t e d  t o
t h e  mixing  c o e f f i c i e n t s  a s  f o l l o w s  (1 9 ) :
a  = (3/ 2 ) a^  -  a^ , a '  = ( 5 / 2 ) ^  a^ , a "  ■= a ^ - ( 3 / 2 )  a^ .
(8 .11)
The 18 X 18 m a t r ix  can be r e g a r d e d  a s  two 9 x 9  b l o c k s ,  one 
f o r  e a c h  o f  t h e  c u b ic  l e v e l s ,  w i t h  m a t r ix  e l e m e n t s  c o n n e c t i n g  
t h e  two b l o c k s .  F u r t h e r m o r e ,  e a c h  o f  t h e s e  b l o c k s  may be 
r e g a r d e d  a s  t h r e e  3 x 3  b l o c k s  w i t h  m a t r ix  e l e m e n t s  c o n n e c t ­
i n g  them. W i th in  t h e  ^T^ b l o c k ,  one o f  t h e  3 x 3  b l o c k s  can
be i d e n t i f i e d  a s  b e l o n g i n g  t o  t h e  3Ag(^T^) t r i g o n a l  l e v e l  
and th e  o t h e r  two a s  b e lo n g i n g  to  t h e  ^E(^T^) t r i g o n a l  l e v e l .
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TABLE X. MATRIX ELEMENTS OP H ' = XL*S + s - h  + Mq (L + g S ) - 2  
IN MIXED CUBIC REPRESENTATION*'^
( l )  W i th in  t h e  ^T^f^P) b l o c k
( 0 , 0 |H'
(0 ,±1  |H 
( i , 0 | H '  
( + , ± lH '  
{-Ai\n
( + , 0 |H '  
(-,0|H' 
( 0 , 0 |H' 
(0 ,± 1 |H  
( 0 , 0 |H' 
(0 ,^ 1  iH 
(0 ,±1  |H
(2) Between 
(0 ,± 1 |H  
( 0 , ± l | H  
( 0 , 0  |H' 
( 0 , 0 | H '  
(0 ,± 1 |H  
( 0 , ± l l H  
(+ ,± 1 |H  
( - , ± l l H  
( 0 , 0 |H'
0 ,± 1 )  = ( 2 ) i ( h  + g » x ) /2
|0 ,± 1 )  = ±  (h + g%g)
± , 0 )  = T  a«2
+ , ± l )  = T  aX -  a »2 ±  (h + gJl^)
l - , ± l )  = ±aX + a »2 (h + gMg)
4 ,± 1 )  = (2)&(h + g » x ) /2
- , ± 1 )  = (2)&(h + gWx)/2
± , T 1 )  = -  aX 
0 ) = — ocX 
± , 0 ) = - ( 2 ) ^ a » x / 2
1+,±1) = -  (2 ) iaW x /2  
1 - ,± 1 )  = -  ( 2 ) i a » x / 2
t h e  3t ^ ( 3 p ) b l o c k  and 3Tg(3p) b l o c k :  (^T^jH 'I^Tg)
| 0 , ± 1 )  = ±  ( 2 ) i a ' X  + ( 2 ) i a 'M g  
1±,0)  = ( 2 ) i a ' X / 2  
± , T 1 )  = ( 2 ) i a ' X / 2  
± , 0 )  = a 'Mx/2
|+ ,± 1 )  = a ' « ^ / 2
1 - , ^ 1 )  = a ' « x / 2
1+,±1) = ( 2 ) i ( T  a 'X  -  a '% g ) /2
1- ,±1)  = ( 2 ) i ( ±  a 'X  + a 'M g ) /2
0 , 0 ) 2  ^ ( 2 ) i a ' H
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TABLE X - -  CONTINUED
( ± , T l | H ' | 0 , 0 ) = ±  ( 2 ) i a ' \ / 2
( ± , 0 | H '  l 0 , ± l ) = ±  ( 2 ) i a 'X / 2
( ± , 0 | H '  1t ,T1) = -  ( 2 ) i a 'X
( ± , ± 1 | H ' | T , 0 ) = -  (2 )^ a 'X
( - , ± 1 | H '  |0 ,± 1 ) = -  a 'W^/2
( + , ± l | H ' | - , ± l ) = -
(+ ,± i 1h ' 1o , ± i ) = a'Mj^/2
( - , ± i 1h ' U , ± i ) = -  a'%x
(± ,0  1h ' 1t , 0 )  = -  a '* x
( ± , 0 | H '  | 0 , 0 )  = ±  a '% x/2
(3) W i th in  th e (3p) b l o c k
( 0 , 0 | L . 8 | T , ± 1 ) = T  i
( 0 , ± 1 | L . S | ± , 0 ) = ±  i
( + , ± 1 | l . s |+ ,+1 ) = ±  i
( - , ± l | L ' 8 | - , ± l ) = ± i
(4) W i th in  t h e  ^T^ (3p) b l o c k
(o , o | l - s |t , ± i ) = a "
(+,±1 |L 'S  | + ,±1)  = ±  a "
( - ,± 1  | L ' S | - , ± 1 )  = T  a "
( 0 , ± l | L . S | ± , 0 ) = a "
^The two i n d i c e s  i n  t h e  m a t r ix  e l e m e n t s  c o r r e s p o n d  t o  
th e  second  and th e  t h i r d  l a b e l  o f  t h e  wave f u n c t i o n s  i n  T a b le  
IX.
^ T a b le  t a k e n  from Brumage, e t  a l . .  R e f .  (19) e x c e p t  
f o r  e l e m e n t s  c o n t a i n i n g  h.
° T h i s  m a t r ix  e le m e n t  i s  o m i t t e d  i n  th e  t a b l e  o f  
Brumage, e t  a l . , R e f .  (1 9 ) ,
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I n  t h e  m a g n e t i c s  p ro b lem  i t  I s  assumed t h a t  o n l y  t h e  Ag 
t r i g o n a l  l e v e l  i s  p o p u l a t e d  so  i t  i s  n e c e s s a r y  t o  o b t a i n  th e  
e i g e n v a l u e s  o f  t h i s  s m a l l  b l o c k  o n l y .  To a c c o u n t  f o r  t h e  
e l e m e n t s  c o n n e c t i n g  t h i s  b l o c k  w i t h  a l l  t h e  o t h e r s  i n  t h e  
e n e r g y  m a t r i x ,  a  s e c o n d - o r d e r  Van V leck  t r a n s f o r m a t i o n  i s  
a p p l i e d  t o  r e d u c e  t h e  r e l a t i v e  m agn i tude  o f  t h e s e  c o n n e c t i n g  
e le m e n t s  (2 7 ) .  F o r  5 i n  t h e  z - d i r e c t i o n  ( a lo n g  t r i g o n a l  
a x i s )  t h e  3 x 3  ^ T ° - b l o c k  r e d u c e s  t o  t h r e e  d i a g o n a l  e l e m e n t s  
which  a r e
( M g . ± l | H s = ± l )  .  ±  h ±  g ,  -  #  4 ^
(«S'OlMs=0) = .  2 ^  -  4  ,
(8 . 12)
Arj, Aç Aq
and f o r  M i n  t h e  x - d i r e c t i o n  ( p e r p e n d i c u l a r  t o  t r i g o n a l  a x i s ) ,
( M g - ± 1  | M s = ± 1 )  =  -  ^  -  I  ■  “ o  (
( " s - o i M s - o , ( 8. 13)
i
A/p A q  o  ^  A ip A^
( M g = O l M s - ± l )  =  ( h  +  Uq  * x ) / ( 2 ) ^  .
I n  (8 .1 2 )  and ( 8 . 1 3 ) ,  Aq i s  d e f i n e d  i n  P i g .  1 and  g^ and g^ 
a r e  d e f i n e d  a s
« .  = «3 -  ^  = Ss -  ^  ^  ■ (8 . 1" )
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Presu m ab ly ,  t h e  exchange  f i e l d  h v a n i s h e s  when t h e  a p p l i e d  
f i e l d  I s  removed,  e s p e c i a l l y  I n  t h e  p a r a m a g n e t i c  r e g i o n .
T h i s  makes some o f  th e  t e rm s  I n  (8 .1 2 )  and ( 8 .1 3 )  f i e l d -  
i n d e p e n d e n t  and I t  I s  s t i l l  p o s s i b l e ,  a s  I n  t h e  do p ed -  
corundum c a s e ,  t o  d e f i n e  t h e  z e r o - f l e l d  s p l i t t i n g  a s
2.2  ,  „ , 2 . 2  
6 = _ I  5 L - 1 „  . ( 8 .1 5 )
A,p 2 Aq
The two m a t r i c e s  o b t a i n e d  from (8 .1 2 )  and  ( 8 .1 3 )  have 
t h r e e  e i g e n v a l u e s  c o r r e s p o n d i n g  t o  t h r e e  d i f f e r e n t  e n e r g y  
l e v e l s  and I t  I s  c o n v e n i e n t  t o  d e n o te  them by  t h e i r  jm- 
s u b s c r l p t ,  m = -  1 , 0 , 1 .  S in c e  (8 .1 2 )  I s  a l r e a d y  d i a g o n a l  
t h e  e n e r g y  o f  e a c h  l e v e l  f o r  Ji p a r a l l e l  t o  t h e  t r i g o n a l  a x i s  
may be w r i t t e n  down a t  o n c e .  I n  t e rm s  o f  t h e  z e r o - f l e l d  
s p l i t t i n g ,  a s
“ jm = ' '"m (8 -1 6 )
where
H 2a  ' ^ 2  2
Wjm -  h g , N, %  "z  '
I n  ( 8 . 1 7 ) ,  Wj I s  t h e _ e n e r g y  a s s o c i a t e d  w i t h  I n  ( 8 .9 )  and 
does  n o t  depend on t h e  m - s u b s c r l p t .  8g I s  - 1 , 0 , 1  d e p en d in g  
on t h e  m -v a lu e .  The m a t r i x  o f  ( 8 .1 3 )  can be d l a g o n a l l z e d  
and th e  e n e r g y  l e v e l s  e x p r e s s e d  I n  a s i m i l a r  way p r o v i d i n g  
one assumes t h a t  t h e  z e r o - f l e l d  s p l i t t i n g  I s  much l a r g e r
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t h a n  t h e  t o t a l  m a g n e t ic  e n e r g y ,  i n c l u d i n g  th e  exchange  e n e r g y .  
A l tho u gh  t h e  exchange  te rm  w i l l  d e c r e a s e  t h e  m ag n e t ic  e n e rg y  
i t  i s  e x p e c t e d  t h a t  6 w i l l  be s l i g h t l y  l e s s  i n  t h e  p u re  
c r y s t a l  t h a n  i n  t h e  d i l u t e  c r y s t a l  b e c a u se  o f  t h e  g r e a t e r  
t r i g o n a l  d i s t o r t i o n .  N e v e r t h e l e s s ,  t h i s  i s  n o t  e x p e c t e d  t o  
a l t e r  t h e  v a l i d i t y  o f  such  a n  a s s u m p t io n  a g r e a t  d e a l  and i t  
w i l l  be made i n  what f o l l o w s .  The e n e r g y  l e v e l s  o f  (8 .13 )  
a r e  a g a i n  e x p r e s s e d  by  ( S . l 6 )  w i t h  ( 8 .1 7 )  unchanged .  How­
e v e r ,  f o r  t h e  p e r p e n d i c u l a r  c a se  ( 8 . l 8 )  becomes
“ jm -  -  ‘' K  ^  + ï f  )  >*" -  ( 1 /6 )  (h + i
-  I s ®  ) . (8 .1 9 )
A l l  symbols i n  ( 8 .1 9 )  have t h e  same meaning a s  b e f o r e .
The e n e r g y  m a t r ix  f o r  th e  ^Agf^T^) t r i g o n a l  l e v e l  
has  b e en  r e d u c e d  t o  d i a g o n a l  fo rm ,  a t  l e a s t  a p p r o x i m a t e l y ,  
and th e  e n e rg y  o f  e a c h  m ag n e t ic  l e v e l  has  be en  e x p r e s s e d  i n  
te rm s  o f  t h e  m o l e c u l a r  exchange  f i e l d  h which  s t i l l  i n c l u d e s  
th e  unknown q u a n t i t y  ( S ) .  The n e x t  c h a p t e r  i s  d e v o te d  t o  a 
s e l f - c o n s i s t e n t  d e t e r m i n a t i o n  o f  t h i s  q u a n t i t y .
CHAPTER IX
SELF-CONSISTENT DETERMINATION OP THE MOLECULAR FIELD
The d e t e r m i n a t i o n  o f  t h e  m o l e c u l a r  f i e l d  s h o u ld  f u l ­
f i l l  two i n t u i t i v e  r e q u i r e m e n t s .  F i r s t ,  i n  t h e  p a r a m a g n e t i c  
r e g i o n  and  i n  t h e  a b sen c e  o f  an  a p p l i e d  f i e l d  one c o u ld  e x ­
p e c t  t h e  m o l e c u l a r  f i e l d  t o  v a n i s h  s i n c e  t h e r e  i s  no a x i s  o f  
q u a n t i z a t i o n  f o r  t h e  s p i n  sy s te m  and t h e  a v e r a g e  s p i n  p e r  
c a t i o n  would be z e r o .  Second,  a t  v e r y  h i g h  t e m p e r a t u r e  ev en  
w i t h  an a p p l i e d  f i e l d ,  t h e  t h e r m a l  e n e r g y  would d e - c o u p l e  
the  s p i n s ,  a g a i n  c a u s in g  th e  m o l e c u l a r  f i e l d  t o  v a n i s h .  B o th  
o f  t h e s e  r e q u i r e m e n t s  a r e  met i n  t h e  s e l f - c o n s i s t e n t  method 
d e v e lo p ed  by Kanamori f o r  FeO and C o0 (26 ) .  T h is  method 
n e g l e c t s  an y  d i s t o r t i o n  i n  t h e  s p i n  sy s te m  by s p i n - o r b i t  
c o u p l in g  and  i n c l u d e s  o n ly  f i r s t - o r d e r  d i s t o r t i o n  by th e  
a p p l i e d  f i e l d .  I n  o p e r a t o r  fo rm ,  t h e  s p i n  p e r  c a t i o n  i s  o b ­
t a i n e d  f rom  ( 6 .1 )  u s i n g  ( 8 .7 )  a s
dH
^op à (2Jz<S) ) ( 9 . 1 )
and t h e  s p a t i a l  a v e r a g e  i s
awim
^ "  0(2Jz<S>) • (9 -2 )
The t h e r m a l  a v e r a g e  i s  th en  o b t a i n e d  u s i n g  t h e  Bol tzman
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d i s t r i b u t i o n  as
L  y(2Jz"<S)')'
<S) = ^ ----------------------------------  . ( 9 .3 )
Jm
T h is  may be s i m p l i f i e d  u s i n g  (8 . 1 6 ) and a ssu m in g  th e  m ag n e t ic  
e n e r g y  I s  sm a l l  compared t o  th e  t h e r m a l  e n e r g y .  T h is  p e r m i t s  
an  e x p a n s i o n  o f  t h e  e x p o n e n t i a l s  t o  g iv e
o >  [  X i  I V
F o r  t h e  p a r a l l e l  c a s e ,  ( 9 .4 )  w i t h  (8 .1 7 )  and  (8 . 1 8 ) g i v e s
< S )  =  -  __________
kT ^ g g - V k T  M i  . g g - 5 /k T  '  '
Again  I f  t h e  z e r o - f l e l d  s p l i t t i n g  I s  much l e s s  t h a n  t h e  
t h e r m a l  e n e r g y  a s  w e l l  a s  2 J z ,  ( 9 .5 )  becomes
<S> = -  I Mo g j  " z  + (2/ 3 ) ( 2J z )  • (9 -6 )
The f o l l o w i n g  e q u a t i o n  d e f i n e s  t h e  t e m p e r a t u r e  dependence  o f
(9 . 6 ) .
<s> = -  Wo g ;  *z c . ( 9 .7 )
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I t  I s  o b v io u s  t h a t  ( 9 .6 )  meets  t h e  r e q u i r e m e n t  o f  v a n i s h i n g  
a p p l i e d  f i e l d  and t h e  h i g h  t e m p e r a t u r e  c o n d i t i o n .  The e n e r g y  
(8 . 1 8 ) can now be  w r i t t e n  as
“ jB '  "o -  (2a'2/&c) It® . (9 .8)
As s t a t e d  e a r l i e r ,  t h e  exchange  te rm  d e c r e a s e s  t h e  m agn e t ic  
e n e r g y  a s  i s  e v i d e n t  f rom  (9 . 8 ) .
F o r  t h e  p e r p e n d i c u l a r  c a s e ,  ( 9 .4 )  i s  a g a i n  u s e d  w i t h  
(8 . 1 7 ) and (8 . 19 ) .  No a d d i t i o n a l  a s s u m p t io n s  a r e  n e e d e d ,  
however s e c o n d - o r d e r  t e rm s  i n  t h e  t o t a l  m ag n e t ic  e n e r g y  and 
z e r o - f i e l d  s p l i t t i n g  must  be r e t a i n e d »  The p r e v i o u s  assum p­
t i o n s  a r e  s u f f i c i e n t  t o  red u c e  t h e  o r i g i n a l  c u b ic  e q u a t i o n  
i n  <S) t o  a  s im p le  l i n e a r  form which  can  be s o lv e d  im m e d ia te ly  
w i t h  t h e  r e s u l t
(S ) = -  T  Mq gj^ W  g-----------  , (9 . 9)
3 °  kT + I  (2Jz )
o r
<S> = -  do g i  *x C . (9 .1 0 )
T h is  i s  t h e  same a s  ( 9 . 7 )  e x c e p t  f o r  t h e  e f f e c t i v e  g - v a l u e .
The e n e r g y  (9 .1 9 )  now becomes
^ ^ - 2 - 2 "o 4
(9.11)
Again t h e  exchange  t e r m  r e d u c e s  t h e  m ag n e t ic  e n e r g y .
B oth  (9 . 8 ) and ( 9 .11)  r e p r e s e n t  t h e  m ag n e t ic  e n e r g y
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f o r  a  s i n g l e  c a t i o n  i n  an  e f f e c t i v e  m o l e c u l a r  f i e l d .  I n  t h e  
s u s c e p t i b i l i t y  t h e o r y  t h e  t o t a l  e n e r g y  f o r  t h e  e n t i r e  c r y s t a l  
i s  needed  and a c o r r e c t i o n  t e rm  i n  t h e  s u s c e p t i b i l i t y  e q u a ­
t i o n  i s  needed b e c a u s e  i n  t h e  m o le c u l a r  f i e l d  a p p r o x i m a t i o n  
t h e  exchange  i n t e r a c t i o n s  a r e  c o u n ted  t w i c e .  T h is  i s  shown 
i n  t h e  n e x t  c h a p t e r .
CHAPTER X
MAGNETIC SUSCEPTIBILITY
The c l a s s i c a l  e x p r e s s i o n  f o r  m ag n e t ic  s u s c e p t i b i l i t y
X = M/% , M = N m , (10 .1 )
where M i s  t h e  t o t a l  m a g n e t i z a t i o n ,  Ü i s  m a g n e t ic  f i e l d ,  m 
i s  th e  a v e r a g e  m agne t ic  moment p e r  vanadium a tom , and N i s  
th e  number o f  vanadium a to m s .  Accord ing  t o  Van V le c k ,  m i s  
g i v e n  by  (35)




The m ag n e t ic  e n e rg y  can be  w r i t t e n  as
H 2
■ ^ jm “  " mjQ = -  W' - 2W"M . (1 0 .4 )
The f i e l d - i n d e p e n d e n t  s u s c e p t i b i l i t y  i s  o b t a i n e d  by  expand ing  
th e  e x p o n e n t i a l s  i n  ( 1 0 . 2 ) ,  u s i n g  ( 1 0 . 4 ) ,  and n e g l e c t i n g  any 




E q u a t i o n  (1 0 ,5 )  i s  a p p l i e d  t o  b o t h  t h e  p a r a l l e l  and 
p e r p e n d i c u l a r  c a s e s  I n  t h e  u s u a l  way. F o r  M p a r a l l e l  t o  t h e  
t r i g o n a l  a x i s  t h e  s u s c e p t i b i l i t y  I s
. . .  I  ^  •  I  1 i „ . «
F o r  M p e r p e n d i c u l a r  t o  th e  t r i g o n a l  a x i s  t h e  r e s u l t  I s
.  I  L i  ( , ,  [  .  I  j .  ^ .
(1 0 .7 )
B o th  o f  t h e s e  e x p r e s s i o n s  a p p l y  o n ly  t o  th e  h l g h - t e m p e r a t u r e  
r e g i o n .  F o r  t h e s e  t e m p e r a t u r e s ,  (1 0 ,6 )  and ( 1 0 ,7 )  a r e  
I d e n t i c a l  t o  t h e  r e s u l t s  f o r  t h e  doped-corundum p rob lem  e x ­
c e p t  f o r  t h e  t e rm s  c o n t a i n i n g  ( 2 J z ) .  The seco n d  t e rm  I n  e a c h  
s q u a r e  b r a c k e t  I s  t h e  c o r r e c t i o n  te rm  m en t ion ed  e a r l i e r .
The c o n t r i b u t i o n  to  th e  e n e r g y  from exchange  I n t e r a c t i o n  o n ly  
I s  found  f rom  ( 8 . 7 ) ,  ( 9 . 7 ) ,  ( 9 .1 0 )  t o  be
Wgx = 2Jz<S>-<S>
,22 J z (uq * z ,x  G)
= W" *2
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Now u s i n g  ( 1 0 . 5 ) w i t h  W' = 0 ,
Xex = -  2NW" = -  2 N (2 Jz ) (u o  c f
To a v o id  c o u n t in g  tw ic e  t h e  c o n t r i b u t i o n  t o  t h e  s u s c e p t i b i l i t y  
f rom  e x c h a n g e ,  o n e - h a l f  o f  Xex s u b t r a c t e d  from th e  u n ­
c o r r e c t e d  s u s c e p t i b i l i t y „ Thus t h e  c o r r e c t i o n  t e rm  i n  ( 1 0 .6 )  
and (1 0 . 7 ) i s  e s t a b l i s h e d .
The t a b u l a t e d  s u s c e p t i b i l i t y  d a t a  f o r  o v e r  th e
ran ge  o f  t e m p e r a t u r e s  o f  i n t e r e s t  h e r e ,  was p u b l i s h e d  by  
J .  Wucher i n  1952 (3 7 ) .  T h i s  was f o r  f o u r  d i f f e r e n t  powder 
sam ples  o f  VgO^ and t h e  one which w i l l  be  u s e d  h e re  f o r  com­
p a r i s o n  i s  t h e  sample p r e p a r e d  a t  1300*0 s i n c e  i t  i s  t h e  one 
w i t h  t h e  h i g h e s t  s t o i c h i o m e t r i c  p u r i t y .  T h u s ,  i t  w i l l  be  
c o n v e n i e n t  t o  have an  e x p r e s s i o n  f o r  t h e  powder s u s c e p t i b i l i t y .  
A ccord ing  t o  Van V le c k ,  t h i s  i s  g i v e n  by  (34)
Xp = j  Xy + Y • (1 0 . 8 )
U sing  ( 1 0 . 6 ) and ( 1 0 .7 )  t h e  r e s u l t  i s
(1 0 .9 )
where 2 1 2 p o
gp = 3 Sy + 2 • ( 1 0 . 10 )
E q u a t i o n  ( 1 0 .9 )  c o n t a i n s  s e v e r a l  unknown p a r a m e t e r s ,  
nam ely ,  g p ,  2 J z ,  a ' ,  a ,  Aq , A^. N orm al ly  t h e  l a s t  f o u r  o f
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t h e s e  can be d e te r m i n e d  from t h e  o p t i c a l  sp e c t ru m  b u t  t h i s  
i s  n o t  p o s s i b l e  f o r  VgO^. A l s o ,  gp i s  u s u a l l y  d e te r m in e d  i n  
t h e  d i l u t e  c r y s t a l  f rom t h e  l o w - t e m p e r a tu r e  d a t a ,  b u t  a g a i n  
t h i s  i s  n o t  p o s s i b l e  f o r  s i n c e  i t  u n d e rg o e s  a c r y s t a l l o -
g r a p h i c  phase  change a t  a b o u t  l68°K .  However, i t  i s  s t i l l  
p o s s i b l e  to  make some r e a s o n a b l e  e s t i m a t e s  o f  some o f  t h e s e  
p a r a m e t e r s .  I n  P i g .  2 e q u a t i o n  (1 0 .9 )  i s  compared w i t h  th e  
e x p e r i m e n t a l  d a t a  o f  Wucher f o r  s e v e r a l  v a l u e s  o f  some o f  
t h e  p a r a m e t e r s .  I n  a l l  t h e  c u r v e s  th e  v a l u e s  o f  a ' ,  a ,  Aq 
o b t a i n e d  from t h e  d i l u t e  c r y s t a l  a r e  u s e d .  T h i s  c h o ic e  w i l l  
be  d i s c u s s e d  l a t e r .  Prom P i g .  2 i t  i s  o b v io u s  t h a t  r e a s o n ­
a b l y  good a g re em e n t  i s  o b t a i n e d  i n  t h e  two d i f f e r e n t  tem ­
p e r a t u r e  r e g i o n s  b u t  o n ly  w i t h  a d i f f e r e n t  s e t  o f  p a r a m e t e r s .  
T h i s  i s  a l s o  d i s c u s s e d  l a t e r .
1.1
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2000 ( a l l  In  cm“^ ) .  C irc le s  a re  d a ta  from Ref. 37.
CHAPTER XI 
DISCUSSION AND ANALYSIS OP RESULTS
I n  f i t t i n g  t h e  t h e o r e t i c a l  c u r v e . t o  th e  e x p e r i m e n t a l  
d a t a  i t  was found  t h a t  t h e  m agni tude  o f  t h e  s u s c e p t i b i l i t y  
was m o s t ly  c o n t r o l l e d  by t h e  t e m p e r a t u r e - i n d e p e n d e n t  t e r m  i n
(1 0 . 9 ) w h i le  t h e  s l o p e ,  o r  g e n t l e  c u r v a t u r e ,  was more s e n s i ­
t i v e  t o  th e  exchange  p a r a m e t e r ,  2 J z .  T h i s  i s  shown by  t h e  
v a r i o u s  c u rv e s  i n  P i g .  2 .  To j u s t i f y  u s i n g  some o f  t h e  
p a r a m e t e r s  f rom  t h e  doped-corundum  p ro b le m ,  a s im p le  c a l c u l a ­
t i o n  was made i n  w h ich  f i r s t - o r d e r  v a r i a t i o n s  i n  t h e  unknown 
p a r a m e t e r s  a b o u t  t h e i r  corundum v a l u e s  were p e r m i t t e d .  These 
c o n s i s t e d  o f  making t h e  f o l l o w i n g  r e p l a c e m e n t s  i n  ( 1 0 . 9 ) and 
( 8 . 1 4 ) ;
a - a  + e ,  a ' - * a ' + e ' ,  X - X + X '
^C ”* ^C ” ® + T ,
where  a l l  t h e  v a r i a t i o n s  a r e  t a k e n  a s  p o s i t i v e  q u a n t i t i e s .  
A f t e r  t h e  r e p l a c e m e n t s  were made a l l  a p p r o p r i a t e  t e rm s  were 
expanded  th r o u g h  f i r s t - o r d e r  i n  s m a l l  q u a n t i t i e s .  To g e t  an  
e s t i m a t e  o f  t h e  s e n s i t i v i t y  o f  xp t o  t h e s e  v a r i a t i o n s ,  t h e  





X' = 5 , 6 '  = 5000 3 T = 3  , e = 0 .1 3 4  x 10~^ ,
e ' «= 7 . 9  X 10
These  p ro d uced  a v a lu e  f o r  gp a p p r o x i m a t e l y  2 .8 $  l a r g e r  t h a n  
i t s  c o r r e s p o n d i n g  corundum v a lu e  b u t  a v a l u e  f o r  t h e  
t e m p e r a t u r e - i n d e p e n d e n t  t e r m  i n  ( 1 0 . 9 ) w h ich  was a b o u t  20$  
s m a l l e r  t h a n  i t s  corundum v a l u e .  F u r t h e r m o r e ,  th e  c o n t r i b u ­
t i o n  f rom  e a c h  o f  t h e  v a r i a t i o n s  c o u ld  be i s o l a t e d  and f o r  
t h e  same p e r c e n t a g e  v a r i a t i o n  i n  e a c h  o f  t h e  p a r a m e t e r s  t h e  
c o n t r i b u t i o n  from th e  v a r i a t i o n  i n  was a t  l e a s t  one o r d e r  
o f  m agn i tude  g r e a t e r  t h a n  any  o f  t h e  o t h e r  v a r i a t i o n s .  Thus ,  
t h e  corundum v a l u e s  seemed t o  be a r e a s o n a b l e  e s t i m a t e  f o r  X, 
a ,  a ' ,  Aq f o r  t h e  p u rp o se  o f  f i t t i n g  th e  s u s c e p t i b i l i t y .
The l a r g e r  V-0 d i s t a n c e s  i n  p u re  VgO^ s h o u ld  a c t u a l l y  cause  
Aq t o  d e c r e a s e  f rom i t s  corundum v a lu e  o f  17 ,400  cm"^ ( 2 8 ) .
I n  t h e  c a se  o f  V(HgO)g^, Aq was found  t o  be 12 ,40 0  cm"^ ( l 8 ) .  
The 3p_3p s p a c i n g ,  X, a ,  a* c o u ld  a l s o  be  e x p e c te d  t o  a p ­
p r o a c h  more c l o s e l y  t h e i r  f r e e - i o n  v a l u e s .
The c u rv e s  i n  F i g .  2 which b e s t  f i t  t h e  e x p e r i m e n t a l  
d a t a  a r e  a s s o c i a t e d  w i t h  t h e  f o l l o w i n g  s e t  o f  p a r a m e t e r s .
200*K < T < 320®K:
2J z  = 770  cm-1 , Ag, = 2410 cm" , gp = 1 .946  
500°K < T < 700*K:
2J z  = 740 c m ' l  , At = 2100  cm"^ , gp « 1 .9 0 5  
I f  o n l y  t h e  f i v e  n e a r e s t  n e i g h b o r s  p a r t i c i p a t e  e q u a l l y  i n  
t h e  exchange  i n t e r a c t i o n s ,  t h i s  would g i v e  J  * 77 cm"^ and 
74 cm“^ ,  r e s p e c t i v e l y .  The d i f f e r e n c e  i n  t h e s e  two v a l u e s
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i s  n o t  c o n s i d e r e d  s i g n i f i c a n t  i n  v iew  o f  th e  m o l e c u l a r  f i e l d  
a p p r o x i m a t i o n  w hich  has  been  u s e d .  Even th e  m ag n i tu des  
t h e m s e lv e s  s h o u ld  be c o n s i d e r e d  s t r i c t l y  a s  a n  e m p i r i c a l  
v a l u e .
I n  b o t h  t e m p e r a t u r e  r e g i o n s  t h e  v a lu e  o f  Aij» needed  
t o  f i t  t h e  d a t a  i s  c o n s i d e r a b l y  l a r g e r  t h a n  i t s  corundum 
v a l u e  o f  1200 cm”^ ( 19 ) . T ha t  VgO^ has  more t r i g o n a l  d i s ­
t o r t i o n  t h a n  corundum i s  n o t  u n e x p e c te d  s i n c e  t h e  l a t t i c e  
g eo m e try  i s  d i f f e r e n t .  F o r  chromium i o n s  i n  r u b y  and i n  
CrgOg t h e  t r i g o n a l  f i e l d  was found t o  be so s e n s i t i v e  t o  t h e  
l a t t i c e  g eom e try  t h a t  ruby  e l e c t r i c - e f f e c t  c o n s t a n t s  c ou ld  
n o t  be u se d  i n  Cr^O^ m agne t ic  c a l c u l a t i o n s  (1 7 ) .  I n  f a c t ,  
f o r  t h e s e  two c r y s t a l s ,  P o n e r ' s  o b s e r v a t i o n s  i n d i c a t e  t h a t  
t h e  t r i g o n a l  f i e l d  r e v e r s e s  s i g n  and i t s  m agni tude  d e c r e a s e s  
by  1 /9  i n  go ing  f rom  ruby  t o  CrgOg ( 2 2 ) .  T h e r e f o r e ,  one 
s h o u ld  be c a u t i o u s  i n  r e l a t i n g  any p h y s i c a l  meaning t o  t h e  
l a r g e  o b t a i n e d  h e re  a l t h o u g h  p h y s i c a l  a rgum en ts  c o u ld  
be p ro p o se d  which  would seem to  s u p p o r t  i t ,  b u t  t h e s e  sh o u ld  
a l s o  be a p p l i c a b l e  t o  Cr^O^ a s  w e l l .  The f a c t  t h a t  two 
d i f f e r e n t  v a l u e s  o f  Aip a r e  needed t o  f i t  t h e  two t e m p e r a t u r e  
r e g i o n s  a p p e a r s  t o  be i n  q u a l i t a t i v e  a g re em en t  w i t h  Good- 
enough ' s  e x p l a n a t i o n  o f  t h e  h ig h  t e m p e r a t u r e  t r a n s i t i o n  (2 4 ) .  
A ccord ing  to  Goodenough, a s  th e  t e m p e r a t u r e  i s  d e c r e a s e d  
t h r o u g h  t h e  t r a n s i t i o n  r e g i o n ,  h om opo la r  c - a x i s  b o n d in g  s e t s  
i n  and  t h e  c a t i o n s  move tow ard  t h e i r  c - a x i s  mates  away from 
t h e  c e n t e r  o f  symmetry o f  t h e i r  r e s p e c t i v e  i n t e r s t i c e s
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c a u s in g  an  I n c r e a s e  I n  t h e  c / a  r a t i o  f o r  th e  c r y s t a l .  I t  i s  
p o s s i b l e  t h a t  such  d i s p l a c e m e n t  o f  th e  c a t i o n s  away from 
t h e i r  c e n t e r s  o f  symmetry c o u ld  p roduce  a  change i n  t h e  
t r i g o n a l  s p l i t t i n g .
The r e s u l t s  p r e s e n t e d  so f a r  have been  b a se d  on a 
o n e - i o n  a p p r o x i m a t i o n  where t h e  e l e c t r i c a l  and m ag ne t ic  e n ­
v i ro n m e n t  o f  t h e  c r y s t a l  h a s  been  t r e a t e d  p h e n o m e n o lo g ic a l ly  
as  a p e r t u r b a t i o n  t o  t h e  e n e r g y  l e v e l s  o f  a s i n g l e  c a t i o n .  
However, b e c a u s e  o f  th e  p a i r i n g  o f  c a t i o n s  a l o n g  th e  c - a x i s  
i n  t h e  corundum s t r u c t u r e  i t  i s  p o s s i b l e  t o  t r e a t  t h e  e x ­
change i n t e r a c t i o n s  be tw een  t h e  p a i r  e x a c t l y  and  use  th e  
e f f e c t i v e  i n t e r n a l  m agn e t ic  f i e l d  t o  d e s c r i b e  t h e  e f f e c t  on 
t h e  p a i r  o f  th e  " o f f - a x i s "  c a t i o n s .  T h i s  p o s s i b i l i t y  i s  e x ­
p l o r e d  i n  t h e  f o l l o w i n g  c h a p t e r .
CHAPTER XII 
THE COUPLED PAIR MODEL
The coup led  p a i r  model t r e a t s  t h e  exchange  i n t e r ­
a c t i o n s  b e tw een  t h e  c - a x i s  p a i r s  e x a c t l y  and t h e  r e s u l t i n g  
hom o n uc lea r  d i a t o m ic  m o le cu le  i s  c o u p le d  t o  t h e  r e m a in d e r  o f  
t h e  m a g n e t ic  l a t t i c e  by an  e f f e c t i v e  i n t e r n a l  m ag n e t ic  f i e l d ,  
j u s t  a s  i n  t h e  o n e - i o n  a p p r o x i m a t i o n .  Such a model h a s  b e e n  
a p p l i e d  t o  CrgOg be low  t h e  N eel  t e m p e r a t u r e  b u t  has  n o t  be en  
e x te n d e d  t o  th e  p a r a m a g n e t i c  r e g i o n  ( 3 1 ) .  G e n e r a l l y ,  t h e  
low t e m p e r a t u r e  d a t a  i s  u s e d  to  d e t e r m i n e  i f  t h e  dom inan t  
m agn e t ic  i n t e r a c t i o n s  a r e  a n t i f e r r o m a g n e t i c  o r  f e r r o m a g n e t i c  
i n  n a t u r e  b u t  b e c a u se  o f  t h e  anomalous p r o p e r t i e s  o f  VgO^ 
n e a r  t h e  low t e m p e r a t u r e  t r a n s i t i o n  t h i s  i s  n o t  p o s s i b l e .  
T h e r e f o r e ,  t h e r e  i s  no a  p r i o r i  r e a s o n  t o  assume one o r  o t h e r  
so b o t h  c a s e s  a r e  t r e a t e d  s e p a r a t e l y .
Since the orbital contribution to the magnetic sus­
ceptibility is a second-order effect it is possible.to study 
the qualitative features of the model by considering a pure 
spin system. The orbital contribution will be discussed later.
The Antiferromagnetic-Perromagnetic Model
The direct exchange interaction between the c-axis
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pair is assumed to be antiferromagnetic while the coupling 
of the pair to the effective field is ferromagnetic. It is 
also assumed that the former is much stronger than the latter. 
This model will be referred to as the AP-P model. A more 
precise formulation follows.
Consider a two-layer structure where each layer con­
tains one of the cations belonging to a c-axis pair. Let a 
and b be indices which label the two layers and i and J be 
indices associated with the cations within a layer. Then 
the Hamiltonian for the two-layer spin system in an external 
magnetic field is
H = I J  S* . gb _ I  2 J ' ( S *  . S* + S* . 8 j )  + 2 p* Y S* . *
i if̂ J i
+ 2 Po % S i  . M . ( 1 2 .1 )
i
In (12.l) the signs have been chosen so that both J and J ' 
are positive exchange parameters for the AP-P formulation.
The 2 appearing in the last two terms of (12.1) is the elec­
tron g-factor which should not be altered in the absence of 
any orbital contribution. Since all cations are assumed to 
be in the triplet spin state, S^ = Sj = 1. It is possible 
to express (12.1) in terms of the total spin as
H = J  A • 3^ -  J ’ I  (8 i  . . S j  + S i  ' S j )  + 2 ^0 A S i  . X
( 1 2 . 2 )
90
. (12.3)w h 6 r * 6  - 4  ~*Q  — —* f  ~^d, " * b
I n  ( 1 2 .2 )  I t  has  b e en  assumed a t  t h e  o u t s e t  t h a t  J  and  J '  
a r e  In d e p e n d e n t  o f  a l l  i n d i c e s .
F u r t h e r  s i m p l i c a t i o n  can be o b t a i n e d  by c o n s i d e r i n g  
o n l y  t h e  f e r r o m a g n e t i c  t e rm s .  These  a r e  w r i t t e n  i n  (1 2 .1 )  
i n  t e rm s  o f  th e  s t r o n g  f i e l d  c o u p l i n g  scheme w hereas  i n  
( 1 2 .2 )  t h e  f i r s t  p a r t  can be r e c o g n i z e d  a s  th e  weak f i e l d  
c o u p l i n g  scheme ( a n a lo g o u s  t o  R u s s e 11-S a u n d e r s  c o u p l i n g  i n  
s p i n - o r b i t  i n t e r a c t i o n s )  and t h e  second  p a r t  may be c o n ­
s i d e r e d  a s  a c o r r e c t i o n  t o  th e  weak f i e l d  scheme. T h i s
-« I
c o r r e c t i o n  t e rm  may be a n a ly z e d  by r e c o g n i z i n g  a s  b e in g  a
so c a l l e d  T - v e c t o r  w i t h  r e s p e c t  t o  t h e  t o t a l  s p i n  and
“• I a b
s i m i l a r l y  f o r  S^ (see  R e f .  4 ) .  Then i n  t h e  S S S î^  r e p r e ­
s e n t a t i o n  th e  c o r r e c t i o n  te rm  w i l l  c o n n e c t  s t a t e s  f o r  which 
68^ = ASj = 0 ^  1 b u t  e i t h e r  o f  t h e s e  c o m b in a t io n s  r e p r e s e n t s  
a s e c o n d - o r d e r  e f f e c t  s i n c e  i  i s  n e v e r  e q u a l  t o  j  i n  t h i s  
t e rm .  T h e r e f o r e ,  th e  c o r r e c t i o n  t e rm  i n  (1 2 .2 )  w i l l  be 
n e g l e c t e d  and t h e  weak f i e l d  c o u p l i n g  scheme can now be u se d .
The H a m i l to n ia n  f o r  th e  c o u p le d  p a i r  o f  i ^ ^  c a t i o n s  
can now be w r i t t e n ,  a f t e r  d ro p p in g  t h e  i - s u b s c r i p t ,  a s
' s  ' ^  Sj  + 2 Uo S ' * . (1 2 .4 )
j
S in c e  a l l  p a i r s  sh o u ld  be i d e n t i c a l  t h e  J -sum m ation  can be 
r e p l a c e d  by th e  number o f  " o f f - a x i s " n e ig h b o r s  t o  t h e  p a i r  
t im e s  t h e  a v e ra g e  s p i n  f o r  t h e  co u p le d  sy s te m .  Thus ,
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H = J  - S ° J ' z  <S> ^ 2 8 ' % . (1 2 .5 )
T h is  H a m i l to n ia n  s e r v e s  a s  th e  s t a r t i n g  p o i n t  f o r  a t w o - s t e p  
s u c c e s s i v e  p e r t u r b a t i o n  t r e a t m e n t .
I t  i s  e a s y  t o  show t h a t  t h e  f i r s t  t e rm  i n  ( 1 2 .5 )  i s
d i a g o n a l  i n  th e  weak f i e l d  r e p r e s e n t a t i o n  and th e  e n e r g y
l e v e l s ,  a p a r t  from a c o n s t a n t  te rm ,  a r e  g i v e n  by
Wg = i J S f S  + 1) (1 2 .6 )
where t h e  t o t a l  s p i n  S t a k e s  t h e  v a l u e s  2 ,  1, 0. The b a s i s
f u n c t i o n s  a r e  C lebsch -Q ordan  c o m b in a t io n s  o f  th e  s i n g l e  i o n  
t r i p l e t  s p i n  f u n c t i o n s  and a r e  g i v e n  i n  T ab le  XI. These  a r e
u sed  t o  t r e a t  t h e  n e x t  two te rm s  i n  ( 1 2 . 5 ) .
At t h i s  p o i n t  i t  sh o u ld  be n o t e d  t h a t  t h e  H a m i l to n ia n  
( 12 . 5 ) c o n t a i n s  no a n i s o t r o p i c  t e rm s  and  i t  i s  o n ly  n e c e s s a r y  
t o  t r e a t  a s i n g l e  d i r e c t i o n ,  say  t h e  z - d i r e c t i o n .  S in c e  th e  
f e r r o m a g n e t i c  i n t e r a c t i o n  now b e h aves  a s  an  e f f e c t i v e  mag­
n e t i c  f i e l d  t iie  e n e rg y  w i l l  depend o n l y  on 8g and s i m i l a r l y  
f o r  t h e  l a s t  t e rm  i n  ( 1 2 . 5 ) .  T h e r e f o r e ,  t h e  e n e r g y  o f  e a c h  
l e v e l  can  be w r i t t e n  down im m e d ia te ly  a s
WgMg = i J S ( 8  f  1) -  ( J ' z  <8> - 2 Uq M)8g. (1 2 .7 )
The e f f e c t i v e  m o le c u la r  exchange f i e l d  i s  d e te r m in e d  i n  th e  
same way a s  i n  C h a p te r  IX. Using (9 . I ) ,  ( 9 . 2 ) ,  and  ( 9 .3 )  
t h e  r e s u l t  i s
<8) = 2 Uo M C (1 2 .8 )
where
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TABLE XI.  CLEBSCH-GORDAN COMBINATIONS OF 
TRIPLET SPIN FUNCTIONS^
a b
S «= 2 : Sg2 = S_|_
®21 '  (SoS+ + S o ) / /S  
Sgg -  (S+ S^ + 2 Sg So + s !  S + ) / / 6
. a  b a b , , .
8g_^ = (So S_ + S_ S o ) / / 2
Sg_2 = s t  
s  = 1: .  (S^ 3^  -  S® S ^ ) / / 2
S^O = (3®  3 ^  -  S "  s b ) / / 2  
S i _ i  = (So 3^ -  3® S%)//2
3 = 0 :  3go .  (3+ 3^ -  3® Sq + s t  S + ) / / 3
^The s u b s c r i p t s  on th e  c o u p led  s p i n  f u n c t i o n s  g i v e  
t h e  SMg v a l u e s  and t h o s e  on th e  o n e - i o n  f u n c t i o n s  a r e  t h e  Mg 
v a l u e s  c o r r e s p o n d i n g  t o  +1, 0 , - 1 .
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O'  . , 1  ,
G = 1 + J ' z C '  = C '  kT 1 + ^ g - J / k T  ^  ^ ^ - 3 J /k T  (12 -9 )
U s ing  ( 1 2 . 8 ) ,  can  be w r i t t e n  as
WgMg = i J S ( 8  + ! ) • +  (1 -  J ’z c f  HQ U 8g (1 2 .1 0 )
which  has  t h e  form
«SMg = "S + «SMg "  • (12 -11 )
The m a g n e t ic  s u s c e p t i b i l i t y  i s  o b t a i n e d  from ( 1 0 .5 )  w i t h  W"
s e t  e q u a l  t o  z e r o .  The r e s u l t  i s
X = 4N Uq (1 - J ' z C ) 2  C  (1 2 .1 2 )
where N now r e p r e s e n t s  th e  number o f  p a i r s  and i s  e q u a l  t o  
t h e  number o f  V^O^ m o le cu le s  i n  t h e  c r y s t a l .  E q u a t io n  (1 2 .1 2 )  
must a g a i n  be c o r r e c t e d  f o r  d o u b l e - c o u n t i n g  i n  th e  m o l e c u l a r  
f i e l d  a p p r o x i m a t i o n .  The p r o c e d u r e  i s  t h e  same a s  i n  C h a p te r  
X w i t h  t h e  r e s u l t  t h a t
X = 4N (1 -  2 J ' z C )  C (1 2 .1 3 )
w i t h  C g i v e n  by  ( 1 2 . 9 ) .  The exchange  p a r a m e t e r s  J  and J ' z
c o n ta in e d  i n  ( 1 2 .1 3 )  can now be a d j u s t e d  i n  an e f f o r t  t o  f i t
t h e  e x p e r i m e n t a l  d a t a .
In  F i g u r e  3 th e  p a i r  s u s c e p t i b i l i t y  i s  p l o t t e d  a s  a
f u n c t i o n  o f  t e m p e r a t u r e  f o r  v a r i o u s  c h o i c e s  o f  t h e  two
p a r a m e t e r s .  8 e v e r a l  t h i n g s  a r e  o b v io u s  f rom  th e  f i g u r e .
F i r s t ,  a l l  c u rv e s  have a t e n d e n c y  t o  a p p r o a c h  e a c h  o t h e r  a t
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T CK)
Figure 3. P air S u sce p tib ility  (per Ion) vs. Temperature 
fo r  the AF-F Model. Numbers are the J ,  J 'z  values, re s ­
pec tive ly  ( a l l  In cm-1). C irc les are data  from Ref. 37.
95
t h e  h i g h e r  t e m p e r a t u r e s  a s  one would e x p e c t .  Second,  i t  
a p p e a r s  t h a t  t h e  p o s i t i o n  o f  th e  N eel  p o i n t  depends  more 
s t r o n g l y  on J  w h i l e  a t  th e  low er  t e m p e r a t u r e s  t h e  a b s o l u t e  
v a lu e  o f  t h e  s u s c e p t i b i l i t y  depends more s t r o n g l y  on J ' z .
The h ig h  t e m p e r a t u r e  t r a n s i t i o n  i s  s t i l l  n o t  a c c o u n te d  f o r  
and th e  J  = 130 cm“^,  J ' z  = 55 cm~^ c u rv e  was a b o u t  t h e  b e s t  
f i t  o f  the  d a t a  t h a t  c o u ld  be o b t a i n e d .  However, a s  s t a t e d  
e a r l i e r ,  o n ly  t h e  q u a l i t a t i v e  f e a t u r e s  o f  t h e  model were t o  
be e x p lo r e d  and f rom  t h i s  v i e w p o in t  r e a s o n a b l e  ag reem en t  i s  
o b t a i n e d ,  e s p e c i a l l y  above 500°K.
The F e r r o m a g n e t i c - A n t i f e r r o m a g n e t i c  Model 
Because  o f  th e  a b sen ce  o f  an y  c o n c l u s i v e  e v id e n c e  f o r  
t a k i n g  th e  d i r e c t  exchange  i n t e r a c t i o n  t o  be a n t i f e r r o m a g n e t i c  
i t  i s  r e a s o n a b l e  t o  e x p l o r e  th e  p o s s i b i l i t y  t h a t  i t  may in d e e d  
be f e r r o m a g n e t i c .  T h is  i s  r e f e r r e d  t o  a s  t h e  P-AP model . 
E v e r y th in g  i s  t h e  same a s  i n  th e  AP-F model e x c e p t  f o r  t h e  
s i g n s  on the  exchange  p a r a m e t e r s .  However, t h i s  d i f f e r e n c e  
i s  enough to  change th e  s u s c e p t i b i l i t y  e x p r e s s i o n  c o n s i d e r a b l y .  
The e n e rg y  o f  e a c h  l e v e l  can be w r i t t e n  down a t  once a s
%Mg = -  i J 8 ( 8  -f 1) + (J 'z<S> + 2 jio %)Sz . (1 2 .1 4 )
The same p r o c e d u r e  i s  now used  to  d e t e r m i n e  th e  exchange  
f i e l d  w i t h  t h e  r e s u l t
<S) = -  2 Uq » C ( 1 2 . 1 5 )
where
1 + 3e + 5e 
S u b s t i t u t i n g  (12 .1 5 )  i n t o  ( 1 2 . l 4 )  g i v e s
^SMg "  ■ + 1) + (1 -  J ' z C ) 2  Uo % Sz . (1 2 .1 7 )
Thus,  c h an g in g  t h e  s i g n s  on th e  exchange  p a r a m e t e r s  ha s  th e  
e f f e c t  o f  i n v e r t i n g  th e  exchange  l e v e l s ,  p l a c i n g  t h e  8 = 2  
l e v e l  l o w e s t .
E q u a t i o n  (1 0 .5 )  a g a i n  g i v e s  t h e  m agn e t ic  s u s c e p ­
t i b i l i t y  which  i s  th e  same a s  (1 2 .1 2 )  b u t  w i t h  C and  O' g i v e n  
by ( 1 2 . 1 6 ) .  However, b e c a u s e  o f  t h e  change i n  s i g n  on J ' 
t h e  m o l e c u l a r  f i e l d  c o r r e c t i o n  te rm  changes  s i g n  and  t h i s  
c a u s e s  t h e  second  te rm  i n  (1 2 .1 3 )  t o  d ro p  o u t .  The r e s u l t  
i s  s im p ly
% = 4N Ug C (1 2 .1 8 )
where a g a i n  N i s  t h e  number o f  p a i r s  and C i s  g i v e n  by  
(12 . 16) .
The p a i r  s u s c e p t i b i l i t y  f o r  t h i s  c a se  i s  p l o t t e d  i n  
F ig u r e  4 and on a l a r g e r  s c a l e  i n  F ig u r e  5 f o r  v a r i o u s  
c h o ic e s  o f  t h e  exchange  p a r a m e t e r s .  A l l  t h e  c u r v e s  a g a i n  
a p p ro a c h  e a c h  o t h e r  a t  t h e  h i g h e r  t e m p e r a t u r e s  and  t e n d  
tow ards  i n f i n i t y  a t  t h e  l o w e r  t e m p e r a t u r e s .  Such b e h a v i o r  
i s  a l s o  t o  be e x p e c te d  s i n c e  a t  h i g h  t e m p e r a t u r e s  t h e  m o le c ­
u l a r  f i e l d  v a n i s h e s  and t h e  t h e r m a l  e n e r g y  i s  s u f f i c i e n t  to  






























Figure 4. P a ir  S u sc e p tib il i ty  (per ion) vs. Temperature 
fo r  the F-AF Model. The f i r s t  number in  each p a ir  i s  the J
mm-llvalue and the second i s  the J 'z  value ( a l l  in  c rl). 
a re  data  from Ref. 37.
C irc les
2 0 0 ,2 0 0
100,200
10,200
2 0 0 ,3 0 0
100^322





dependence .  T h i s  i s  a l s o  t r u e  f o r  t h e  AP-P model I n  t h i s  
t e m p e r a tu r e  r e g i o n .  At t h e  lo w e r  t e m p e r a t u r e s  more m a g n e t ic  
i o n s  r e s i d e  i n  t h e  S = 2 g round  l e v e l  w h ich  has  a n o n ­
v a n i s h i n g  m ag n e t ic  moment. Thus,  a s  t h e  p o p u l a t i o n  o f  t h i s  
l e v e l  i n c r e a s e s  t h e  s u s c e p t i b i l i t y  s h o u l d  i n c r e a s e  a s  t h e  
g ra p h s  i n d i c a t e .  On th e  o t h e r  han d ,  t h e  h i g h  t e m p e r a t u r e  
t r a n s i t i o n  i s  s t i l l  n o t  p r e d i c t e d  b u t  t h e r e  a p p e a r s  more 
hope o f  o b t a i n i n g  a  s a t i s f a c t o r y  f i t  o f  t h e  d a t a  i n  t h e  two 
r e g i o n s  above and below t h i s  t r a n s i t i o n  u s i n g  two d i f f e r e n t  
s e t s  o f  p a r a m e t e r s .  However, t h i s  i s  n o t  r e g a r d e d  by any 
s t a n d a r d s  a s  b e in g  c o n c l u s i v e  e v id e n c e  t h a t  t h e  dom inan t  e x ­
change i n t e r a c t i o n s  a r e  f e r r o m a g n e t i c  b u t  m ere ly  s u g g e s t s  
t h a t ,  i n  t h e  a b se n c e  o f  low t e m p e r a t u r e  d a t a ,  some c a u t i o n  
sh o u ld  be e x e r c i s e d  i n  making a n  a p r i o r i  a s s u m p t io n  a b o u t  
t h e  n a t u r e  o f  t h e  i n t e r a c t i o n s .
The O r b i t a l  C o n t r i b u t i o n  
The s p i n - o n l y  model i s  b a s e d  on t h e  a s s u m p t io n  t h a t  
t h e  t r i g o n a l  f i e l d  s p l i t t i n g  f o r  e a c h  m a g n e t i c  i o n  i s  i n ­
f i n i t e .  T h is  means t h a t  t h e  u p p e r  t r i g o n a l  l e v e l s  o f  F ig u r e  
1, which g i v e  r i s e  t o  th e  o r b i t a l  e f f e c t ,  n e v e r  g e t  p o p u l a t e d ,  
t h u s  e l i m i n a t i n g  any  a n i s o t r o p y  and r e n d e r i n g  th e  z e r o - f i e l d  
s p l i t t i n g  m e a n in g l e s s .  S in c e  i t  i s  known t h a t  a s m a l l  amount 
o f  a n i s o t r o p y  e x i s t s  i n  VgOg ( 2 4 ) ,  i t  i s  w o r th w h i le  t o  d e r i v e  
t h e  s u s c e p t i b i l i t y  e x p r e s s i o n s  t a k i n g  i n t o  a c c o u n t  a l a r g e  
b u t  f i n i t e  t r i g o n a l  s p l i t t i n g .  To d e m o n s t r a t e  th e  e f f e c t ,  
t h e  AP-P a s s u m p t io n  w i l l  be made.
1 0 0
The H a m i l to n ia n  f o r  t h e  p a i r  may be  w r i t t e n  down a t
once a s
a b _a b a b -*a -•b , -’a -*a , -*b -*b
H = H “ + H + V + + V + J8  - S + XL  - S  +A.L - S
o o c 0 t  t
-*a -• -*b , -‘a4 M q L  • «  4 U q L  • M 4 ( u ^ g  % -  h ^ )  ' 8
4 (p^g X - hb) ' (12.19)
—* ~̂Sl —+
where h = J ' z ( S  ) and s i m i l a r l y  f o r  li . Because  o f  t h e  
a n t i f e r r o m a g n e t i c  c o u p l i n g  be tw een  l a y e r s  a and b ,  h^ and ĥ j 
sh o u ld  have t h e  same m agn i tude  b u t  o p p o s i t e  d i r e c t i o n s ,  how­
e v e r ,  t h i s  w i l l  be a c c o u n te d  f o r  by u s i n g  t h e  c o u p le d  s p i n  
r e p r e s e n t a t i o n .  I n  F i g u r e  1 ,  t h e  ^Tg c u b ic  l e v e l  w i l l  be 
n e g l e c t e d  b u t  e a c h  io n  i n  t h e  p a i r  may be i n  e i t h e r  o f  th e  
two t r i g o n a l  l e v e l s  b e l o n g i n g  t o  3 ?^ ,  F o r  e ac h  o f  t h e s e  
l e v e l s  t h e  i n d i v i d u a l  s p i n  sy s tem  may be i n  any  one o f  t h r e e  
exchange  l e v e l s  p ro du ced  by t h e  d i r e c t  exchange  t e rm  and 
c o r r e s p o n d i n g  t o  a t o t a l  s p i n  o f  2 ,  1, 0 . F o r  th e  AP-F 
model ,  t h e  S = 0 exchange  l e v e l  l i e s  l o w e s t .  Thus th e  
p o s s i b l e  o r b i t a l  a s s i g n m e n t s  a r e  A^A^, A^E^, E^A^, E^E^.
The t w o - f o l d  o r b i t a l  d e g e n e r a c y  o f  th e  E l e v e l  c a u s e s  t h e
â bs e c u l a r  e q u a t i o n  t o  be q u i t e  l a r g e  b u t  th e  E E o r b i t a l  p a i r
l e v e l  may be d ro pp ed  s i n c e  i t  does  n o t  combine m a g n e t i c a l l y
S. bw i t h  t h e  AgAg ground  l e v e l .  T h i s  r e s u l t s  f rom t h e  com ple te  
o r t h o g o n a l i t y  o f  th e  o r b i t a l  f u n c t i o n s  f o r  t h e s e  two l e v e l s .
A l s o ,  t h e  AgE^and E^Ag l e v e l s  b o t h  l i e ,  i n  e n e r g y ,  a d i s -
St bt a n c e  Aip above AgAg and i t  i s  t h e  i n t e r a c t i o n  o f  t h e s e  l e v e l s
1 0 1
w i t h  th e  g round  l e v e l  which must  be i n c o r p o r a t e d  i n t o  t h e  
s u s c e p t i b i l i t y .
A s e c u l a r  e q u a t i o n  i s  s e t  up i n  t h e  u s u a l  way f o r  
t h e  o p e r a t o r  ( 1 2 ,1 9 )  u s i n g ,  a s  a b a s i s  s e t ,  t h e  o r b i t a l  f u n c ­
t i o n s  i n  T ab le  IX mixed a c c o r d i n g  to  ( 7 .8 )  and  t h e  s p i n  f u n c ­
t i o n s  o f  T a b le  XI.  Because  o f  t h e  d i r e c t i o n a l  e f f e c t s ,  t h i s  
must now be  done f o r  th e  e x t e r n a l  f i e l d  i n  t h e  z - d i r e c t i o n  
and a g a i n  f o r  t h e  f i e l d  i n  t h e  x - d i r e c t i o n .  F o r  e a c h  c a s e  
t h e  e l e m e n t s  o f  t h e  s e c u l a r  e q u a t i o n  a r e  c o m b in a t io n s  o f  
t h o s e  i n  t h e  f i r s t  b l o c k  o f  T ab le  X. The p r o c e d u r e  i s  now 
th e  same a s  f o r  t h e  o n e - i o n  a p p r o x i m a t i o n .  T h a t  i s ,  a  Van
V le ck  t r a n s f o r m a t i o n  i s  u s e d . t o  red u c e  t h e  s i z e  o f  t h e  m a t r ix
a b
e le m e n t s  c o n n e c t i n g  th e  A A l e v e l  w i t h  t h e  h i g h e r  l e v e l .2 2
O r d in a r y  s e c o n d - o r d e r  p e r t u r b a t i o n  i s  t h e n  u s e d  t o  g e t  t h e
a b
e n e r g y  o f  e a c h  SMg l e v e l  i n  t h e  A A b l o c k .  A s s ig n in g  z e r o
e n e r g y  t o  t h e  S = 0 l e v e l  g i v e s :
( 8 / 3 ) 8
= J  + ( 1 / 2 ) 6  
= J  + ( 3 /2 ) 6  ±  (uo g,| «2 -  h) 
Wgo = 3 J  + ( 5 / 3 ) 8  
^2±1 = 3 J  + ( 3 / 2 ) 6  ±  (uo gg Wg -  h)
^ 2 i 2  + 6 ±  2 (po  g„ Xg -  h ) .
f o r  H =
* 0 0  -  ( 8 / 3 ) 6  -  ( 2 o f / A r )  *2
*10 -  J  + ( 1 / 2 ) 5  -  (2=^/&p) u l  - h ) 2 / 6
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^1±1 = J  + ( 3 /2 ) 6  - ( S a V ^ r )  Uo "x
“f ("o e ;  »x -  h ) 2 / ( 2 « )
^20 "= 3J  -f ( 5 / 3 ) 6  - ( 2 o 2 / i r )  *2
1
+ l8(wo -  h )2 /S
^2±1 = 3J  + ( 3 /2 ) 6  -. ( 2 a 2 / 4 j )  *x
7(Uo gj.
^2±2 = 3J + 6 -  (2a^
-  2(Mo Sx "x -  •
The s u b s c r i p t s  on W above a r e  t h e  SMg v a l u e s  and a i s  t h e  
same a s  i n  t h e  o n e - i o n  c a s e .  The z e r o - f i e l d  s p l i t t i n g  6 and 
t h e  g - v a l u e s  a r e  g i v e n  by
2 26 «= -  2 CL X /  Aq\ J f
= gg -  a^VAfp . gj_ = gg -  2a^X/Ar .
I t  sh o u ld  be p o i n t e d  o u t  t h a t  t h e  z e r o - f i e l d  s p l i t t i n g  i s  
d e f i n e d  a s  a n e g a t i v e  number h e r e  and i s  tw ic e  a s  l a r g e  a s  
t h e  c o r r e s p o n d i n g  q u a n t i t y  f o r  t h e  o n e - i o n  c a s e .
Using t h e  above e n e r g i e s  and ( 9 . 3 )  t h e  m o le c u la r
f i e l d  can  a g a i n  be d e te r m in e d  s e l f - c o n s i s t e n t l y  w i t h  t h e  r e ­
s u l t ,  f o r  th e  z - d i r e c t i o n ,  b e in g
<S> = ÜQ g|, Mg Cfl , Cg = 2 + J ' z C '  (12 .2 0 )
w i t h
-3 6 /2 k T ,  - J / k T  - 3 J / k T ,  „ - ( 3 J  + 6) /kT
and
1 r  V 2 k  _ (   -, _
^  [  2e (e + e ) + 8e J  /B
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-86 /3kT  ^ - 3 6 / 2 k T .  - J / k T  -3J / k T .
B « = e  + 2 e  (e + e  j
^  . - ( J  + 6 / 2 ) / k T  ^  ^ -3 J /k T , .  -6 /k T  ^ _ -5 6 /3 k T .: c + 6  + 6  j •
E q u a t io n  (1 0 .5 )  a g a i n  g i v e s  t h e  s u s c e p t i b i l i t y  w i t h  W" s e t  
t o  z e r o . T hus ,
X, -  N Wo S« -  J ' z C , ) C „  . (1 2 .2 1 )
A f t e r  c o r r e c t i n g  f o r  d o u b l e - c o u n t i n g  t h e  f i n a l  e x p r e s s i o n  I s
X, = N Wo g® (1 -  2 J ‘zO,)C, . (1 2 .2 2 )
A gain ,  N must  be t h e  number o f  p a i r s .
F o r  t h e  x - d l r e c t l o n  t h e  p r o c e d u r e  I s  t h e  same b u t  
t h e  a c t u a l  c a l c u l a t i o n  I s  s l i g h t l y  more c o m p l i c a t e d  b e c a u se  
o f  t h e  two t y p e s  o f  g - f a c t o r s  which a p p e a r  I n  t h e  e n e r g y  
e x p r e s s i o n s .  A f t e r  u s i n g  ( 9 . 3 ) ,  t h e  t e rm s  w h ich  rem a in  q uad­
r a t i c  I n  m agn e t ic  e n e r g y  a r e  n e g l e c t e d  j u s t  a s  I n  t h e  o n e -  
l o n  c a s e .  T h i s  a l l o w s  th e  m o le c u l a r  f i e l d  t o  be  w r i t t e n  a s
<S> -  Wo «X Ox . 0 ,  = I  - ...) / 6  (12-23)
W ith
C l = B
C g -  0 - J / k T ( 0 - 6 / 2 k T  _  0 - 3 « / 2 k T  )  ^
C3 -  e - 3 J / ‘̂ ( 4 e - ® / ‘0r + _ i g o - 5 6 /3 k T  , _
The s u s c e p t i b i l i t y  I s  a g a i n  g i v e n  by ( 1 0 . 5 ) w i t h  W' s e t  t o
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z e r o .  The r e s u l t ,  a f t e r  t h e  m o l e c u l a r  f i e l d  c o r r e c t i o n ,  i s  
2N uo p (g '  -  J 'zC ^yZcg  + (g^  -  J ' zO ^ )^ C 3
= - r -  . L -  51
-  I  J ' z C i  + 2 ^  ]  . ( 1 2 ,3 4 )
The powder ( o r  p o l y c r y s t a l l i n e )  s u s c e p t i b i l i t y  i s  g i v e n  by  
s u b s t i t u t i n g  ( 1 2 ,2 2 )  and (1 2 .2 4 )  i n t o  ( lO . 'S ) .
The p a i r  s u s c e p t i b i l i t y  i n c l u d i n g  t h e  o r b i t a l  e f f e c t  
i s  p l o t t e d  i n  P i g ,  6 and P i g ,  7» I t  i s  o b v io u s  t h a t  t h e  
c u rv e s  do n o t  f i t  t h e  e x p e r i m e n t a l  d a t a  v e r y  w e l l  b u t  some­
t h i n g  new has  a p p e a r e d ,  and t h a t  i s  t h e  h i g h  t e m p e r a t u r e  n on -  
c o o p e r a t i v e  t r a n s i t i o n  which  was one o f  t h e  o b j e c t i v e s  o f  
th e  c a l c u l a t i o n .  B e f o re  g i v i n g  a p h y s i c a l  e x p l a n a t i o n  f o r  
t h e  f o r m a t io n  o f  t h i s  t r a n s i t i o n  i t  i s  c o n v e n i e n t ,  f i r s t ,  t o  
o b se rv e  some o f  t h e  more g r o s s  f e a t u r e s  o f  t h e  g r a p h s .  By 
comparing c o r r e s p o n d i n g  c u rv e s  i n  t h e  two f i g u r e s ,  one can 
see  t h a t  a l a r g e  change i n  t h e  t r i g o n a l  f i e l d  s p l i t t i n g  does  
n o t  a l t e r  t h e  c u r v a t u r e  v e ry  much b u t  o n ly  s h i f t s  a l l  c u r v e s  
v e r t i c a l l y .  T h e r e f o r e ,  a d j u s t m e n t  o f  t h i s  p a r a m e t e r  c o u ld  
p o s s i b l y  be u s e d  t o  o b t a i n  t h e  r i g h t  o r d e r  o f  m a g n i tu d e .  To 
o b t a i n  t h e  p r o p e r  s lo p e  f o r  t h e  e x p e r i m e n t a l  d a t a  a s m a l l  
J ' z  i s  n e c e s s a r y  b u t  i t  i s  o b v io u s  t h a t  d e c r e a s i n g  t h i s  
p a r a m e t e r  s h i f t s  t h e  t r a n s i t i o n  o f f  t o  t h e  l e f t  o f  t h e  g r a p h s .  
I n  o r d e r  t o  o b t a i n  b e t t e r  q u a n t i t a t i v e  r e s u l t s  f o r  more
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Figure 6. Orbital Contribution to Pair S uscep tib ility  (per
y3+ ion) for a?  -  1200 Numbers to right of each curve

























Figure  7 .  O rb i t a l  C o n t r ib u t io n  to  P a i r  S u s c e p t i b i l i t y  
(pe r  v3+ ion)  f o r  At ■ 2000 cm"^. Numbers to  r i g h t  o f  
each curve a re  J ,  J ' z  v a lu e s  i n  cm“^. C i r c le s  a re  d a ta  
from Ref. 37.
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There  a r e  s e v e r a l  f e a t u r e s  r e l a t e d  t o  th e  t r a n s i t i o n  
which can be e x p l a i n e d  w i t h  t h e  a i d  o f  a n  e n e r g y  l e v e l  d i a g ra m  
a s  i n  P i g .  8 .  The f i g u r e  i s  drawn f o r  t h e  z - d i r e c t i o n  b u t  
th e  scheme i s  s i m i l a r  f o r  t h e  x - d i r e c t i o n  e x c e p t  t h e  ±1 and 
i s  m agne t ic  l e v e l s  a r e  n o t  s p l i t  by t h e  f i e l d .  S in ce  t h e  
m agne t ic  f i e l d  i n c l u d e s  t h e  m o le c u l a r  f i e l d  t h e  s p a c in g  o f  
t h e  M g - le v e l s  depends  on J ' z .  The i m p o r t a n t  f e a t u r e  i s  t h e  
o r d e r i n g  o f  t '  e M ^ - le v e l s  f o r  3 = 1 and 3 = 2 .  The 3 = 1, 
M g - le v e l s  a r e  o b s e r v e d  t o  be i n v e r t e d  r e l a t i v e  t o  t h e  3 = 2 ,  
Mg-levelSo T h i s  p l a c e s  t h e  3 = 1, Mg = 0 l e v e l  and th e  
3 = 2 ,  Mg = 0 l e v e l  a d j a c e n t  t o  e a c h  o t h e r  on th e  v e r t i c a l  
s c a l e .  Both  o f  t h e s e  a r e  n o n -m ag n e t ic  and  a s  t h e  t e m p e r a t u r e  
r i s e s  th e  lo w e r  one becomes p o p u l a t e d  f i r s t  b u t  o n ly  a t  t h e  
expense  o f  t h e  p a i r  o f  m agn e t ic  l e v e l s  j u s t  below i t .  How­
e v e r ,  s i n c e  th e  m ag n e t ic  sp a c in g  i s  s m a l l  compared t o  J  t h e s e  
t h r e e  l e v e l s  w i l l  be a b o u t  e q u a l l y  p o p u l a t e d  when kT i s  com­
p a r a b l e  t o . J .  T h i s  i s  even  more t r u e  when J ' z  i s  s m a l l .
But a f u r t h e r  i n c r e a s e  i n  t e m p e r a t u r e  w i l l  e l e v a t e  some o f  
t h e  p a i r s  f rom t h e  3 = 1, Mg = 0 l e v e l  t o  t h e  3 = 2 ,  Mg = 0 
w i t h  no change i n  t h e  s u s c e p t i b i l i t y .  T h is  i s  why th e  
t r a n s i t i o n  can be e x p e c te d  to  o c c u r  o v e r  a  r an g e  o f  t e m p e r a ­
t u r e s  a s  p r e d i c t e d  by Gtoodenough ( 2 4 ) .  I f  t h e  t e m p e r a t u r e  
i s  i n c r e a s e d  s t i l l  f u r t h e r  th e  t h e r m a l  e n e r g y  i s  s u f f i c i e n t  
t o  d e - c o u p l e  more p a i r s  and th e  s u s c e p t i b i l i t y  b e g in s  t o  d e ­
c r e a s e  a s  th e  g r a p h s  i n d i c a t e .
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F igure  8 . Schem atic Energy Level Diagram f o r  the  P a ir  
O rb i ta l  Ground S ta te  and f o r  % »
109
d e c r e a s e s  w i t h  d e c r e a s i n g  J  s i n c e  t h e  8 = 1  l e v e l s  become 
p o p u l a t e d  more r a p i d l y .  The t e m p e r a t u r e  range  o v e r  w h ich  
th e  t r a n s i t i o n  may o c c u r  depend s  more s t r o n g l y  on J ' z  a s  
shown i n  t h e  g r a p h s .  R e f e r r i n g  a g a i n  t o  P i g .  8 ,  t h e  m a g n e t i c  
s p a c in g  o f  t h e  8 = 1 ,  Mg = ±1 l e v e l s  d e c r e a s e s  w i t h  i n c r e a s ­
in g  J ' z .  T h i s  a l l o w s  a g r e a t e r  e n e r g y  s e p a r a t i o n  be tw ee n  
t h e s e  l e v e l s  and  th e  8 = 2 ,  Mg = 0 l e v e l  and T may i n c r e a s e  
c o n s i d e r a b l y  b e f o r e  th e  t h e r m a l  e n e r g y  b e g in s  t o  d e - c o u p l e  
t h e  s p i n s .  However, i t  i s  r e c o g n i z e d  t h a t  some i n t e r p l a y  
be tw een  J  and J ' z  a f f e c t s  b o t h  t h e  o n s e t  t e m p e r a t u r e  and  th e  
ran g e  b u t  t h e  above c o n s i d e r a t i o n s  seem t o  have some m e r i t ,  
e s p e c i a l l y  f o r  a q u a l i t a t i v e  e x p l a n a t i o n .
One p o i n t  which i s  a l m o s t  i n c i d e n t a l  t o  t h i s  d i s ­
c u s s i o n  i s  t h e  f a c t  t h a t  a t  low t e m p e r a t u r e s  o n ly  t h e  8 = 0  
l e v e l  i s  p o p u l a t e d .  Thus,  c o n t i n u e d  d e c r e a s e  i n  t e m p e r a t u r e  
sh o u ld  c a u se  t h e  s u s c e p t i b i l i t y  t o  d e c r e a s e  s h a r p l y .  The 
t e m p e r a t u r e  a t  which  t h i s  o c c u r s  i s  t h e  o r d i n a r y  Neel  p o i n t  
f o r  a n t i f e r r o m a g n e t s . T h is  i s  a c o o p e r a t i v e  t r a n s i t i o n  b u t  
i s  n o t  v e r y  w e l l - b e h a v e d  i n  V^O^ b e c a u s e  o f  th e  c r y s t a l l i n e  
change a t  t h e  t r a n s i t i o n  t e m p e r a t u r e .
A p p l i c a t i o n  t o  TigO^
TigOg a l s o  has th e  corundum s t r u c t u r e  b u t  t h e  mag­
n e t i c  i o n  o n l y  has  a  s i n g l e  3d e l e c t r o n .  P re su m a b ly ,  t h i s  
i s  t h e  r e a s o n  t h e  n o n - c o o p e r a t i v e  t r a n s i t i o n  o c c u r s  i n  t h e  
low t e m p e r a t u r e  ph ase  o f  t h i s  c r y s t a l  (2 4 ) .  Below a b o u t
1 1 0
250°K th e  m ag n e t ic  s u s c e p t i b i l i t y  i s  e x t r e m e l y  sm a l l  i n d i ­
c a t i n g  no a p p r e c i a b l e  m a g n e t ic  moment. T h is  i s  a l s o  c o n ­
f i r m e d  by n e u t r o n  d i f f r a c t i o n  d a t a .  I f  t h e  exchange 
c o u p l i n g  i s  a p p l i e d  i n  t h i s  case  t o  f i n d  t h e  exchange  l e v e l s  
f o r  t h e  p a i r  one g e t s  o n l y  two l e v e l s  c o r r e s p o n d in g  t o  S =
0 , 1  and s e p a r a t e d  i n  e n e r g y  by th e  exchange  p a r a m e t e r  J .  I f  
t h e  o r b i t a l  e f f e c t  i s  t o  a c c o u n t  f o r  t h e  m agne t ic  b e h a v i o r  
i n  t h i s  c r y s t a l  t h e n  t h e  two Mg «= 0 l e v e l s  sh o u ld  be a d j a c e n t  
t o  e a c h  o t h e r  on t h e  v e r t i c a l  s c a l e  a n d ,  f u r t h e r m o r e ,  t h e y  
sh o u ld  b o t h  l i e  low er  i n  e n e rg y  t h a n  t h e  two m ag n e t ic  l e v e l s  
c o r r e s p o n d i n g  t o  = ± 1 .  However, t o  p l a c e  th e  = 0 l e v e l  
lo w e r  t h a n  th e  Mg = -±1 l e v e l s  a z e r o - f i e l d  s p l i t t i n g  f o r  th e  
p a i r  i s  r e q u i r e d  and an  a c t u a l  c a l c u l a t i o n  o f  t h e  e n e r g y  
l e v e l s  d id  n o t  p roduce  such  a s p l i t t i n g .  T h is  was n o t  u n ­
e x p e c t e d ,  tho u gh ,  s i n c e  one i s  c o u p l i n g  two K ra m e r ' s  d o u b l e t s ,  
n e i t h e r  o f  which i s  c a p a b le  o f  b e in g  s p l i t  i n  z e ro  f i e l d .
I n  f a c t ,  f o r  S = 1 t h e  l e v e l s  a r e  o r d e r e d  a c c o r d i n g  t o  Mg = 
- 1 , 0 , 1  and th e  o n ly  way f o r  t h e  model t o  p r e d i c t  t h e  m ag n e t ic  
b e h a v i o r  i s  f o r  J  t o  be e x t r e m e ly  l a r g e  f o r  TigO^.
The above r e s u l t s  a r e  b a sed  on c a l c u l a t i o n s  f o r  t h e  
z - d i r e c t i o n  o n ly  b u t  e x p e r i m e n t a l  d a t a  shows p r a c t i c a l l y  no 
a n i s o t r o p y  t h r o u g h o u t  t h e  range  o f  t e m p e r a t u r e  o v e r  which  t h e  
t r a n s i t i o n  o c c u r s  (24 ) .  Thus,  i t  i s  d o u b t f u l  t h a t  t h e  model 
can  e x p l a i n  th e  m ag n e t ic  b e h a v i o r  o f  TigO^ b e ca u se  o f  t h e  
K r a m e r ' s  d e g e n e ra c y  which  i s  n o t  p r e s e n t  i n  VgOg.
CONCLUSION
The e f f e c t  o f  H y l l e r a a s - t y p e  c o r r e l a t i o n  o f  th e  o u t e r  
e l e c t r o n s  has b e en  s t u d i e d  f o r  a toms h a v in g  a (2p)^  and (3d)^ 
o u t e r - e l e c t r o n  c o n f i g u r a t i o n .  T h i s  was done u s i n g ,  f i r s t ,  a 
s c r e e n e d  coulomb p o t e n t i a l  f o r  b o t h  t y p e s  o f  a tom s .  The
p
s c r e e n i n g  c o n s t a n t  was d e te r m in e d  f o r  th e  (2p) a tom s by 
S l a t e r ' s  r u l e s  and by s e v e r a l  o t h e r  methods f o r  t h e  (3d) 
a tom s .  I n  e a c h  c a s e ,  t h e  c o r r e l a t i o n  f u n c t i o n  ( l  + c r^ g )  
was appended t o  th e  C lebsch -G ordan  t w o - e l e c t r o n  wave f u n c t i o n  
and t h e  c o r r e l a t i o n  c o e f f i c i e n t  c was d e te r m in e d  by  th e  
v a r i a t i o n  p r i n c i p l e .  I t  was found t h a t  c i n c r e a s e d  w i t h  t h e  
h i g h e r  m u l t i p l e t  l e v e l s  c a u s in g  a d i f f e r e n t i a l  s u p p r e s s i o n  
o f  t h e s e  l e v e l s .  T h is  caused  t h e  m u l t i p l e t  s p a c i n g s  t o  be 
to o  c l o s e  t o g e t h e r  t o  be c o n s i d e r e d  an improvement .
The same p r o c e d u r e  was r e p e a t e d  f o r  t h e  (3d)^  a toms 
b u t  t h e  H a r t r e e - P o c k  p o t e n t i a l  was u se d  and th e  SOP r a d i a l  
f u n c t i o n s  were t a k e n  a s  th e  f i r s t - o r d e r  f u n c t i o n s  f o r  a toms 
where t h e s e  were a v a i l a b l e  and f o r  t h o s e  f o r  which  s u f f i c i e n t  
e x p e r i m e n t a l  d a t a  c o u ld  be fo u n d .  I n  t h i s  c a l c u l a t i o n ,  c 
s t i l l  i n c r e a s e d  w i t h  e n e r g y  b u t  t h e  r e s u l t i n g  d i f f e r e n t i a l  
s u p p r e s s i o n  was n o t  a s  s e v e r e .  W hile  t h e  l e v e l s  were s t i l l  
drawn t o o  c lo s e  t o g e t h e r  t h e r e  was s a t i s f a c t o r y  improvement
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i n  t h e  m u l t i p l e t  s p a c i n g s .  S u g g e s t i o n s  a r e  made f o r  r e f i n i n g  
t h i s  c a l c u l a t i o n .
The m a g n e t ic  p r o p e r t i e s  o f  t h e  (3d) i o n  i n  VgO^ were 
a l s o  s t u d i e d .  Most o f  t h e s e  a p p e a r  when t h e  i o n  i s  i n  t h e  
g round  l e v e l  and  s i n c e  t h e  c o r r e l a t i o n  c o e f f i c i e n t  f o r  
t h i s  l e v e l  was v e r y  s m a l l ,  t h e r e f o r e  a f f e c t i n g  t h e  e n e r g y  o f  
t h i s  l e v e l  v e ry  l i t t l e ,  i t  was n o t  n e c e s s a r y  t o  u s e  t h e  
c o r r e l a t e d  wave f u n c t i o n .
S e v e r a l  c a l c u l a t i o n s  were made i n  an  e f f o r t  t o  a r r i v e  
a t  a  model f o r  t h e  c r y s t a l  which  s a t i s f a c t o r i l y  p r e d i c t e d  
t h e  e x p e r i m e n t a l l y  d e t e r m i n e d  m a g n e t i c  p r o p e r t i e s .  A o n e -  
i o n  model was f i r s t  u s e d  i n  which  t h e  e l e c t r o s t a t i c  and  mag­
n e t i c  e n v i ro n m en t  o f  t h e  c e n t r a l  i o n  was t r e a t e d  phenomen- 
o l o g i c a l l y  a s  a p e r t u r b a t i o n  t o  t h e  f r e e - i o n  e n e r g y  l e v e l s .  
The e l e c t r i c a l  e n v i ro n m e n t  was r e p r e s e n t e d  by an e l e c t r o ­
s t a t i c  p o t e n t i a l  w h ich  s a t i s f i e d  L a p l a c e ' s  e q u a t i o n  i n  t h e  
v i c i n i t y  o f  th e  c e n t r a l  i o n .  The m a g n e t i c  e n v i ro n m e n t  was 
r e p r e s e n t e d  by an e f f e c t i v e  m o l e c u l a r  f i e l d  which had t h e  
d i r e c t i o n  o f  an e x t e r n a l l y  a p p l i e d  m a g n e t i c  f i e l d  and  a 
m agn i tude  which was d e t e r m i n e d  s e l f - c o n s i s t e n t l y .  I t  was 
found  t h a t  on t h e  b a s i s  o f  t h i s  model t h e  m a g n e t ic  s u s c e p t i ­
b i l i t y  d a t a  c o u ld  be  f i t t e d  i n  two d i f f e r e n t  t e m p e r a t u r e  
r e g i o n s  b u t  o n ly  w i t h  two d i f f e r e n t  s e t s  o f  a d j u s t a b l e  pa ram ­
e t e r s .  One o f  t h e s e  p a r a m e t e r s ,  t h e  t r i g o n a l  f i e l d  s p l i t t i n g ,  
had t o  be  c o n s i d e r a b l y  l a r g e r  t h a n  t h e  c o r r e s p o n d i n g  corundum 
v a lu e  t o  o b t a i n  s a t i s f a c t o r y  a g re e m e n t  i n  b o t h  t e m p e r a t u r e
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r e g i o n s .
Because  o f  th e  c - a x l s  p a i r i n g  o f  c a t i o n s  i n  t h e  
corundum s t r u c t u r e  i t  was p o s s i b l e  t o  make a n o t h e r  s e r i e s  
o f  c a l c u l a t i o n s  i n  which  t h e  c - a x i s  p a i r s  were c o u p led  
t o g e t h e r  e x a c t l y  by  d i r e c t  exchange i n t e r a c t i o n s  and t h e  
r e s u l t i n g  hom onuclea r  d i a t o m i c  m o lecu le  was t h e n  c o u p le d  t o  
th e  m a g n e t ic  l a t t i c e  by a  s e l f - c o n s i s t e n t  m o l e c u l a r  f i e l d .  
T h is  was done f o r  t h e  p u re  s p i n  sy s te m ,  f i r s t ,  u s i n g  a n  a n t i -  
f e r r o m a g n e t i c  d i r e c t  exchange  and a f e r r o m a g n e t i c  m o l e c u l a r  
f i e l d .  The c a l c u l a t i o n  was t h e n  r e p e a t e d  w i t h  t h e s e  two 
f i e l d s  i n t e r c h a n g e d .  I n  n e i t h e r  ca se  was i t  p o s s i b l e  t o  
p r e d i c t  t h e  n o n - c o o p e r a t i v e  t r a n s i t i o n  i n  and o n l y  a
q u a l i t a t i v e  ag reem en t  w i t h  e x p e r im e n t  i n  t h e  h i g h  t e m p e r a t u r e  
r e g i o n  c o u ld  be c la im e d .
F i n a l l y ,  t h e  c o u p le d  p a i r  model was e x te n d e d  t o  i n ­
c lu d e  t h e  o r b i t a l  c o n t r i b u t i o n .  While  q u a n t i t a t i v e  a g re em e n t  
w i t h  e x p e r im e n t  was n o t  v e r y  good t h e  r e s u l t s  d i d  p r e d i c t  
t h e  n o n - c o o p e r a t i v e  t r a n s i t i o n .  I t  was p o s s i b l e  t o  e x p l a i n  
th e  f o r m a t i o n  o f  t h e  t r a n s i t i o n  on a p h y s i c a l  b a s i s  u s i n g  a n  
e n e r g y  l e v e l  d iag ra m .  A b r i e f  d i s c u s s i o n  o f  what  c o u ld  be 
e x p e c t e d  from th e  e x te n d e d  c o u p le d  p a i r  model f o r  Ti^O^ was 
a l s o  g i v e n  and i t  a p p e a r s  t h a t  t h e  model i s  n o t  s u i t a b l e  f o r  
m ag ne t ic  i o n s  which e x h i b i t  K ra m e r ' s  d e g e n e r a c y .
APPENDIX I
MATRIX ELEMENT
In  (2 ,1 5 )  t h e  o p e r a t o r  r^g  r^g  • a p p e a r e d  and 
i t  was I n d i c a t e d  how t h i s  cou ld  be r e d u c e d  t o  a c o n s t a n t .
T h is  d e r i v a t i o n  i s  g i v e n  e x p l i c i t l y  h e r e .  I t  i s  e a s y  t o  show 
u s i n g  C a r t e s i a n  c o o r d i n a t e s  t h a t
- * 1 - 2  r  V r  = *~ V p 
12 1 12 2 1 ^12
and
where u) i s  t h e  a n g l e  be tw een  th e  two r a d i u s  v e c t o r s  r ^  and
rg o Now ^
cos (u = P ^ (c o s  tu) = ^  Y™*(2) ,
m=-l
s u b s t i t u t i n g ,
1
= ?iri + rpi - Srg ' T ^m=-l
and
o — -* p — — p —Vl2 • ’ 1 “ *1̂1-91 + V2''l -
21-2 • T I •m=-l
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Now t h e  d i a g o n a l  e le m e n t  f o r  two e q u i v a l e n t  t - e l e c t r o n s  con ­
t a i n s  t e rm s  l i k e
iif, (2 )  ll> (2))(<p (1)" "  I
1
+ 0 - 2  (*t(2)lr2?T (2) l9t(2))(Vt( l) l*l(ri?T(l)) l*t( l) ) '
m=-l
C o n s i d e r  e a c h  r i g h t - h a n d  member s e p a r a t e l y .  The f i r s t  t e rm  
s i m p l i f i e s  a s  f o l l o w s .
l « P ^ (2 ) ) ( cp ^ t l )  I v ^ r ^ - v ^ l c p ^ ( l )
The above i n t e g r a l  has  t h e  same v a lu e  no m a t t e r  what ( l )  
i s  u se d  a s  long  a s  i t  i s  a  w e l l - b e h a v e d  r a d i a l  f u n c t i o n .  
T h is  i s  se en  from i n t e g r a t i o n  by  p a r t s .
The second te rm  i s  z e ro  b e c a u se
(cp^(2) | r g Y ^ * ( 2 )  |cp^(2))
OD
= ^  | R n t ( 2 ) l ^   ̂ ^ Y ^ '* (2 )Y ^ * (2 )Y ^ " (2 )  dO .
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The a n g u l a r  I n t e g r a l  i s  a lw ays  z e r o  s i n c e  th e  sum o f  t h e  
t h r e e  t - v a l u e s  i s  + 1 which i s  a lw a y s  a n  odd i n t e g e r .  
Thus ,  t h e  r e s u l t
which  was t o  be p r o v e d .
APPENDIX II
( 3 d ) -SCREENING FUNCTION
I n  t h e  H a r t r e e - P o c k  t h e o r y  t h e  f u n c t i o n  which  r e p r e ­
s e n t s  t h e  s c r e e n i n g  o f  one 3 d - e l e c t r o n  by th e  o t h e r  was d e ­
f i n e d  a s
Y ( r i )  = I  Y ( 3 d , 3 d ; r  ) . ( I I . l )
^ k ^  ^
I n  ( I I . 1 ) ,  Y^X3d,3d;r2)  I s  g i v e n  by ( 4 .8 )  where t h e  r a d i a l
f u n c t i o n s  a r e  t h o s e  o f  Watson,  ( 4 . 1 1 ) .  The s q u a r e  o f  
R g ^ ( r )  which  a p p e a r s  I n  th e  I n t e g r a l  can  be w r i t t e n  a s
10 T.
|R o a ( r )  1̂  = I  Ai r ^  e ^ ( I I . 2)
1=1
where  t h e  s u b s c r i p t e d  q u a n t i t i e s  a r e  r e l a t e d  t o  t h e  C^ and 
3^ o f  ( 4 .1 1 )  a s  f o l l o w s .
Al - c 2C12 ^8 ^^13^14 '^5 = S12 + ®13
Ag = C13 A9 ^6 ®12 + ®14
^3 = ^10 by ®12 + ®15
A4 = 2S i 2 "8 ®13 + '1 4
"5 = ^^12^13 ^2
2S i 3 bg ®13 + ®15
Ag = 2C12C14 ^3 ^®l4 ^10 = ®14 + ®15
Ay =
^ ^ 12^15 *4 ^®15
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When ( I I . 2)  i s  s u b s t i t u t e d  i n t o  ( 4 .8 )  and th e  i n t e g r a t i o n s  
p e r fo rm ed  th e  r e s u l t s  a r e :
Yo(3d,3d;rj^) -  1 -  6; % - y  e J + % -r ^
1=1 b i  b^ b^ ^
^ 2 4 0 ^ 2  
b i  h  *>1
10
V , ( 3 a , 3 d , b , )  = I
i = l  r ^  b i  b i
330 3 l6 8 o  2 6720 20 l 60 81 1
. 8 - '  1
10
- b . r .
Y % ( 3 d ,3 d : r i )  "  J j  *1 [  ^  ^ ^ C 4  “’i  + 3  ' ’l
»1 '■l b i  b^
720  3 5040 2 30240 151200 6o48oo 1
l8 l4 4 o o  lOJ^ ioj_
b ?  r l  , l ° 4  , 1 ^ 4
)]
Only t h r e e  v a lu e s  o f  k  a p p e a r  b e c a u se  o f  t h e  s e l e c t i o n  r u l e s  
a s s o c i a t e d  w i t h  3d-wave f u n c t i o n s .
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